ANALYTIC ASYMPTOTIC EXPANSIONS OF THE 
RESHETIKHIN TURAEV INVARIANTS OF SEIFERT 3 MANIFOLDS FOR 
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Abstract. We calculate the large quantum level asymptotic expansion of the RT-invariants 
associated to SU(2) of all oriented Seifert 3-manifolds X with orientable base or non-orientable 
base with even genus. Moreover, we identify the Chern-Simons invariants of flat SU(2)- 
connections on X in the asymptotic formula thereby proving the so-called asymptotic expansion 
conjecture (AEC) due to J. E. Andersen |Anl| . |An2| for these manifolds. For the case of Seifert 
manifolds with base S 2 we actually prove a little weaker result, namely that the asymptotic 
formula has a form as predicted by the AEC but contains some extra terms which should be 
zero according to the AEC. We prove that these 'extra' terms are indeed zero if the number of 
exceptional fibers n is less than 4 and conjecture that this is also the case if n > 4. For the 
case of Seifert fibered rational homology spheres we identify the Casson- Walker invariant in the 
asymptotic formula. 

Our calculations demonstrate a general method for calculating the large r asymptotics of a 
finite sum ££ =1 /(fc), where / is a meromorphic function depending on the integer parameter r 
and satisfying certain symmetries. Basically the method, which is due to Rozansky |Rol| . |Ro3| . 
is based on a limiting version of the Poisson summation formula together with an application 
of the steepest descent method from asymptotic analysis. 
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1. Introduction 

In this paper we investigate the large quantum level asymptotics of the Reshetikhin-Turaev 
invariants of the Seifert manifolds. Here and elsewhere a 3-manifold is closed and oriented 
unless otherwise stated. In particular, a Seifert manifold is an oriented Seifert manifold. 

It is now a well established fact that the Reshetikhin-Turaev approach |RT| . |Tuj leads to a 
family of 2 + 1-dimensional topological quantum field theories (TQFTs) indexed by a simply 
connected compact simple Lie group G and an integer r (the shifted quantum level) bigger 
than or equal to the dual Coxeter number /i v of G. In particular, we have invariants r G of the 
3-manifolds called the quantum G-invariants or the RT-invariants associated to G. 

There are several other approaches to these quantum invariants and their underlying TQFTs, 
see e.g. |Tuj . |BK and references therein. For the following discussion we note that J. E. Andersen 
and K. Ueno |AUlj have recently constructed a family of TQFTs using ideas from conformal 
field theory, notably the works jTUYj . dH, |KNTY| . They have so far proved that these TQFTs 
for the groups SU(n) coincide with the TQFTs of Reshetikhin and Turaev associated to these 
Lie groups, cf. |AU2j . Via work of Laszlo |Laj one can combine the work of Andersen and Ueno 
with work of Axelrod, Delia Pietra and Witten |AP Wj . Hitchin |Hij . Faltings |Faj and others 
on the geometric quantization of the moduli space of flat connections on surfaces to obtain an 
alternative gauge theoretic approach to the TQFTs of Andersen and Ueno. We refer to |Atj and 
|An3j and references therein for details on this gauge theoretic approach which was originally 
outlined by Witten in |Wij . 

The main aim of this paper is to prove the following conjecture for Seifert manifolds for 
G = SU(2). 

Conjecture 1.1 (J. E. Andersen |Anlj . |An2j . The asymptotic expansion conjecture (AEC)). 
1 For any 3-manifold X there exist constants Dj £ Q and bj £ C for j = 0, 1, . . . , n and aj £ C 
for j = 0,1,..., n and I = 1,2,... such that the asymptotic expansion of t^(X) in the limit 
r — > oo is given by 

n / oo \ 

j=0 V 1=1 J 

where qo = 0, qi, . . . , q n are the finitely many different values of the Chern-Simons functional on 
the moduli space of flat G-connections on X, and {9{\ is a strictly increasing sequence in \li>o, 
where b is the least positive number such that bDj £ 7L for j = 0,1,... , n. 
Here ~ means that there for all non-negative N is a Cn 6 ^ such that 



< C N r D - dN + l 



n / N 

r r G (X) - E < 2::;r " r">h, 1 + E a i r ~ 6 
j=0 V 1=1 

for all r £ Z>/jV, where D = m&x{DQ, . . . , D n }. 

The formulation above seems a little awkward from the point of view of asymptotic analysis. 
We shall later on see a more compact formulation of the conjecture, cf. Conjecture 12.51 The 
main reason for the above formulation is to expose the quantities Dj and bj which are believed 
to have interpretations in terms of certain topological/geometric quantities, cf. Conjecture 11.31 
below and |An2j . 

Let us give a review of some of the results leading to this conjecture. We want by this 
review to stress what is known today from a rigorous mathematical point of view and what is 
based on arguments using techniques from theoretical physics not yet well understood from a 



^We give the conjecture in a slightly different form than in |An2| . where 8i = . 
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mathematical point of view. In 1988 E. Witten jWIj proposed new invariants Zj?(X, L) of a 3- 
manifold X with an embedded (colored) link L, which generalize the famous Jones polynomial 
jJoj of knots in the 3-sphere. Here G is a nice Lie group as above and /c is a non-negative 
integer called the (quantum) level. In case there is no link present, ZP(X) is given (formally) 
by the following path integral over the infinite dimensional space of gauge equivalence classes of 
G-connections on X 

Z?(X) = I e W=&CS(A )sM) (2) 



where 

CS(A) = ^ j tr (a AdA + AiAij (3) 

is the Chern-Simons functional associated to G. It is well-known that CS considered as a 
function into R/Z is invariant under gauge transformations if the Ad- invariant inner product tr 
on g (the Lie algebra of G) is normalized properly, see e.g. [Fl Sect. 2]. Although no rigorous 
mathematical definition of the path integral © has been given yet, see |JH Sect. 20. 2. A] for some 
comments, Witten was able using path integral techniques to give a recipe for calculating the 
invariant Z9{X) via a surgery description of X. These ideas enabled people to obtain explicit 
(and rigorous) formulas for the invariants ZP(X) for some classes of manifolds X such as lens 
spaces |FG| , |Galj , jjj and more generally of Seifert manifolds with orientable base |FG| , |Galj , 
fIToT] . [Ro3] . 

In quantum field theory it is natural to study Feynman path integrals as in (J2J) and a main 
approach to understand them is via their behaviour in the large k limit. By using stationary 
phase approximation techniques together with path integral arguments, Witten was able |Wij 
to express the leading large k asymptotics of ZP(X) (also called the semiclassical approxima- 
tion) as a sum over the set A4 of stationary points of the Chern-Simons functional CS, the 
summand being given by such invariants as Chern-Simons invariants, spectral flows and Reide- 
meister torsions. Here M is the moduli space of gauge equivalence classes of flat connections in 
the trivial G-bundle over X (and M is assumed discrete hence finite in Witten's derivation). 
Freed and Gompf |FG| and Jeffrey jjjj suggested different refinements to Witten's semiclassi- 
cal approximation. In particular Jeffrey allowed M to have smooth components of non-zero 
dimension, and in these cases the sum over M. should be replaced by some integral over M. 
Let us give some details. Let A be a flat G-connection on X and consider the elliptic complex 
cIa '■ Q*(X, q) — > Q,* +1 (X, g), where (IaJ = df + [A A /] is the covariant derivative in the adjoint 
representation. Let h A be the dimension of the zth cohomology group H l (X,dA) of this com- 
plex. If A4 is discrete and the covariant derivative complex is acyclic for all A (like in Witten's 
derivation) then the conjectured formula for the semiclassical approximation of ZP(X) is 

Z G {X) ^ e -^d im( G)(l +6lW )/4 (4) 

X ]T e ^^rCS(A) r D Ae -2,^l{I A /A+B A )^^^ 
A&M 

where r = k + h v , Z{G) is the center of G and b\{X) is the first betti number of X. Moreover, 
Tx(A) € M+ is the Reidemeister torsion of the complex (Q*(X, g), d^) and I a £ Z/8Z is the 

, 4 1 on 1 (X; g) (g> Q 3 (X; g), where At is a 

a A t * U J 

path in the affine space of G-connections on X from the trivial connection to the flat connection 
A. Under the above assumptions Ba = Da = for all A, but the factor r D A e -^\/^B A 
is included for the following discussion. (Here and elsewhere we follow the usual practice by 
denoting a connection and its gauge equivalence class by the same symbol.) 
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If we allow some of the A's to be reducible (implying that h A > 0) (still assuming that Ai is 
finite) then it is conjectured that the above formula holds with Da = —h A /2 and Ba = h A /8. 
In particular, these reducible connections do not contribute to the leading large k asymptotics of 
Zf?(X) (which is given by the sum of terms with Da = max^g^vfjZ)^}). If the gauge equivalence 
class of a flat connection A is non- isolated in Ai then the situation becomes more complicated. 
It is conjectured that we in that case have D A = (h A - h° A )/2 and B A = (h° A + h\)/8, and that 
the above sum over Ai should be replaced by some integral over Ai. In cases, where A is a non- 
acyclic connection, the interpretation of the factor w tx {A) is not clear, A being called acyclic if 
(0*(X, q), (1a) is acyclic. (One can still define a torsion £ R + of the covariant derivative complex 
once a basis of H*(X,cIa) has been fixed, but there seem to be some normalization problems 
even in the case of isolated reducible points in Ai.) In the case of non-isolated points in Ai the 
factor yj tx(A) should somehow be interpreted as a density function giving the needed measure 
on Ai. We refer to |Jlj and [An2 for some comments on this and also to |Rolj . [Ro2 for some 
futher comments on the semiclassical approximation of ZP(X). We note that the Chern-Simons 
functional is constant on the connected components of AI, so in all cases one gets a (conjectured) 
formula for the leading large k asymptotics of Zj?(X) of the form 

Zf(I)^. M Ve 2 ^ f r (h\-h° A )/2 e -2nV^(lA/*Hh° A +h\)/8) f{A)j (5) 
j=l J M 3 

where the sum is over the connected components of Ai, CSj is the Chern-Simons invariant of 
the elements in the jth component Aij of Ai and the integral over Aij is w.r.t. some density 
function f(A) generalizing the factor i^ e - 7r ^ dim ( G )( 1+61 W)/ 4 y / T^p) in ©• 

A main first observation is that the expression in the right-hand side of (J3J) is mathematical 
rigorous in case Ai is finite (although it is not clear what the meaning of the factor sj tx (A) 
should be in the non-acyclic case). Moreover, as stated above, one can in principal obtain a 
rigorous expression for the invariants Zu[[X) via a surgery description of X. Thus a kind of 
verification of Q should be possible. This program was first carried out partly by Freed and 
Gompf |FG| presenting a large amount of computer calculations for the SU(2)-invariants of 
lens spaces and some 3-fibered Seifert manifolds, and about the same time by Jeffrey |Jlj and 
Garoufalidis Gal who independently gave exact calculations of the semiclassical approximation 
of the SU(2)-invariants of lens spaces, starting from explicit expressions for the invariants. 
Jeffrey also verified parts of the conjecture Q for G arbitrary and X belonging to a class of 
mapping tori of the torus. Garoufalidis verified parts of the conjecture @ for G = SU(2) and 
X any Seifert fibered integral homology sphere. 

The perturbative (or asymptotic) expansion of the Chern-Simons path integral ZP(X) is 
given by the semiclassical approximation and its so-called higher loop correction terms. This 
leads together with the semiclassical approximation © to a conjecture for the (full) perturbative 
expansion of ZP(X) in the large k limit, see |An2[ Conjecture 7.6] for a version of this conjecture. 
Roughly speaking one should obtain an expansion given by the right-hand side of © with each 
integrand being multiplied by an asymptotic series of the form 1 + YlhLi cfr~ l with the c^'s 
given in terms of certain contributions of Feynman diagrams determined by the Feynman rules 
of the Chern-Simons theory. 

S. Axelrod and I. M. Singer have considered the higher loop contributions, cf. |ASlj . [AS2 , 
|Axj . Actually they were able to deduce rigorously defined formulas for the coefficients cf in case 
A is an acyclic point in Ai or an element in a smooth component of Ai. Moreover, they showed 
that their cf define topological invariants of (X, A). There are, however, major difficulties which 
have not yet been worked out. We refer to the above works of Axelrod and Singer and |An2j for 
more comments and details. 
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It is generally believed that the TQFTs of Reshetikhin and Turaev are a mathematical real- 
ization of Witten's TQFTs, and one can say that the AEC, Coniecture ll.il offers in a sense a 
converse point of view to the above works on the perturbative expansion of the Witten invari- 
ants, where one seeks to derive the final output of perturbation theory after all cancellations have 
been made (i.e. collect all terms with the same Chern-Simons value). We stress that, although 
the ideas leading to the AEC stem from Witten's approach, the AEC is a conjecture for the 
rigorously defined RT-invariants, and it is completely independent of Witten's Chern-Simons 
path integral approach. Seen in the above light we should also expect the following slightly 
different version of the AEC, where we have seperated terms coming from different components 
of A4 (even if there are different components with the same Chern-Simons value) . 

Conjecture 1.2 (J. E. Andersen |Anlj . |An2j . The asymptotic expansion conjecture (AEC)). 
For any 3-manifold X there exist constants Dj £ Q, Ij £ Q mod 8, Vj G K+ for j = 1,2, ... ,m 
and a l j E C for j = 1, 2, . . . , m and I = 1, 2, . . . such that the asymptotic expansion of t£*(X) in 
the limit r — > oo is given by 



a\r~ 



t?(X) ~ e^r^Vje? 1 * 1 + £ i 

j=l \ 1=1 J 

where the j-sum is over the connected components of the moduli space of flat G -connections on 
X and qj is the value of the Chern-Simons functional on the component indexed by j . 
Here ~ means that there for all non-negative N is a Cm £ K such that 

m / N 

T G {X) _ ^""<r"-,y V', 1 + £\ 



i=i 



< C N r D ~ 



N-l 



for all r 6 Z>/jV, where D = m&x{Di, . . . , D m }. 

We note that Conjecture 11.11 follows from Conjecture 11.21 and that D is equal in the two 
versions of the conjecture. The AEC concerns (analytic) asymptotic expansions of (a class of) 
complex functions defined on the positive integers. As noted by Andersen |Anlj . |An2j . such a 
function has at most one asymptotic expansion of the form Q (up to some trivialities such as 
permutations of the terms in the asymptotic formula). (Here it is of course important that the 
qj's are mutually different.) This means that if the AEC is true, then the -D/s, bj's and the a|'s 
in (J2) are all uniquely determined by the function r t^(X), hence they are also topological 
invariants of X. In particular Andersen has proposed the following conjecture (compare with 
@ and ©): 

Conjecture 1.3 (J. E. Andersen |Anlj . |An2j . Topological interpretation of the Dj's). Let 
Aij be the union of the components of the moduli space of flat G -connections on X having 
Chern-Simons value qj. Then 

Dj = \ max {h\-h\), (6) 

where max here means the maximum value of h\ — hP A on a Zariski open subset of Aij . 

The results in |Anlj showed the importance of being careful about the interpretation of the 
max in this conjecture. The aj's, Vj's, Ij's and Dj's in Conjecture 11.21 are also expected to be 
topological invariants. In particular, Dj should be given by the right-hand side of Q with Mj 
now being the j'th component of the moduli space. 

Conjecture 11.31 implies that the sequence {9{\ in Q is the sequence of positive half-integers 
|Z>o. This conjecture gives (in combination with Conjecture II. 1|) a strong connection between 
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the fundamental group of X and the quantum invariants of X, recalling that the moduli space of 
flat G-connections on X is in bijection with Hom(7Ti(X), G)/G (for X connected). Garoufalidis 
|Ga2| and Andersen |An4j have e.g. pointed out that the above growth rate in r for the invariants 

U ^ leads to the fact that the colored Jones polynomials associated to SU(ra) (for all colorings 
and all n) can distinguish the unknot from all other knots. As also pointed out by Andersen 
|An2j . Conjecture 11.31 implies together with a recent result of Kronheimer and Mrowka |KM| 
that the colored Jones polynomials associated to SU(2) alone can distinguish the unknot from 
all other knots. 

Andersen was the first to give a complete proof of the AEC for a class of 3-manifolds. In fact 
he proved in jAnlj the AEC (together with Conjecture II .3jl for the mapping tori of finite order 
diffeomorphisms of orientable surfaces of genus at least 2 using the gauge theoretic approach 
to the quantum invariants. These manifolds are Seifert manifolds with orientable base and 
Seifert Euler number equal to zero. Andersen proved the conjectures for G an arbitrary simply 
connected compact simple Lie group. 

As already stated Jeffrey |Jlj and Garoufalidis Gal] made completely rigorous calculations 
of the semiclassical approximation of the SU(2)-invariants of lens spaces. Actually these cal- 
culations contain a complete verification of the AEC for the lens spaces for SU(2). Moreover, 
they confirm Conjecture 11.31 in this case. The paper jjj also contains a proof of the AEC for a 
certain class of mapping tori over the torus (for the invariants associated to an arbitrary simply 
connected compact simple G). Except for the identification of Chern-Simons invariants, the 
AEC has recently been proved in |HT| for all lens spaces and G an arbitrary simply connected 
compact simple Lie group. 

In |Rolj . |Ro3j Rozansky calculated the Witten SU(2)-invariants of all Seifert manifolds with 
orientable base and carried through a rather technical analysis leading to a candidate for the full 
asymptotic expansion of these invariants. However, the error estimates required to prove that 
his calculations lead to the asymptotics of the invariants are missing. In this paper we establish 
those error etsimates thereby proving that Rozansky's calculations in |Eo3j really leads to the 
large r asymptotic expansion of the quantum SU(2)-invariants of the Seifert manifolds. In |Ha2| 
Sect. 8] it was proved that the Witten SU(2)-invariants of the Seifert manifolds calculated by 
Rozansky are equal to the RT-invariants associated to SU(2). 

For a certain subclass of the Seifert manifolds Lawrence and Rozansky LR have obtained a 
much shorter calculation of the asymptotic expansion of the SU(2)-invariants. In this calculation 
one does not have to apply the method of this paper to establish the required error estimates. 
These estimates directly follow from the method without futher work. The method (as it stands) 
only works for the Seifert manifolds satisfying that the first coordinates of the oriented Seifert 
invariants are mutually coprime (the oriented Seifert invariants being pairs of coprime integers, 
one for each singular fiber). In |LR| the result is only stated for the Seifert manifolds with base 
S 2 , but their method works for all Seifert manifolds with orientable base or nonorientable base 
with even genus satisfying the above coprime condition. However, it does not seem to be easy 
to extend this method to cases where the coprime condition is not satisfied. 

In |Y2j Yoshida defines a family of invariants Y fc SU ^ 2 \ k E Z>o, of 3-manifolds via the abelian- 
ization of the SU(2) WZW model obtained in |Ylj . Moreover, he calculates the semiclassical 
approximation of his invariants for the integral homology spheres satisfying that the moduli 
space M of flat SU(2)-connections is finite set of acyclic points. This calculation includes a 
complete description of the semiclassical formula in terms of Chern-Simons invariants, spec- 
tral flows and Reidemeister torsions. In fact, he finds that the semiclassical approximation of 
his invariants for these manifolds is given by the right-hand side of Q with G = SU(2) (and 
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Ba = Da = for all A). It is expected (but not yet proved) that the invariant Y k is equal 
to the invariant t^V^ . 

Let us finally mention that we via recent private communication have learned that J. E. 
Andersen for the groups G = SU(re) has proved Conjectures II. II and II .31 for all 3-manifolds via 
the gauge theoretic approach, see |An3j for some comments. 2 The proof involves asymptotics 
of Hitchin's connection over Teichmuller space, approximations to all orders, of the boundary 
states of handle bodies and techniques similar to the ones presented in |An3j . Where Andersen 
works with the gauge theoretic definition of the quantum invariants, we work with the definition 
of Reshetikhin and Turaev and our proof of the AEC for the Seifert manifolds is very different 
from Andersen's general proof. 

Next let us give a review of the content of this paper. The main result is 

Theorem 1.4. The AEC, Conjecture II. 1\ is true for G = SU(2) and X any Seifert manifold 
with orientable base of positive genus or non-orientable base with even genus. If X is a Seifert 
manifold with base S 2 and n exceptional fibers, then the AEC holds if n < 3 and in case n > 3 
the large r asymptotic expansion of r r (X) has the form (^Q) with a set {(/j}™ = o containing the 
image set of the Chern-Simons functional on the moduli space of flat SXJ (2) -connections on X. 
In all cases the sequence {0{\ C in accordance with Conjecture 11.31 

A part of this theorem was proved in the authors thesis jHalj . where the case of Seifert 
manifolds with orientable base was handled. In this paper we calculate the asymptotics of a 
class of functions generalizing the invariants of the Seifert manifolds with orientable base or 
non-orientable base with even genus. Unfortunately certain parts of the proof do not go through 
as they stand for the remaining Seifert manfolds, i.e. the ones with non-orientable base of odd 
genus. If X is a Seifert manifold with base S 2 the asymptotic expansion of r r (X) has the 
form (^Q) as stated above, but some of the g^'s are not Chern-Simons values. If the number 
of exceptional fibers is n < 2, i.e. if X is a lens space, it is easy to prove that all the terms 
in our asymptotic formula, corresponding to g^-'s which are not Chern-Simons values, are zero, 
thus proving the AEC for those manifolds. We also prove that this is the case for the Seifert 
manifolds with 3 exceptional fibers, cf. Theorem l4.1()l We do not in this paper carry through the 
analysis needed to prove the AEC for the cases of n > 4 exceptional fibers, see Sec. 14.21 for more 
details. Let us finally mention that we also prove the AEC for some of the Seifert manifolds 
with non-orientable base with odd genus, namely for the Seifert manifold with base MP 2 and 
zero or one excepotional fiber, cf. Corollary 14.111 this indicating that nothing special happens 
in the case of a non-orientable base of odd genus. 

The proof of Theorem ll.4l is long and technical, but each step in the proof only uses elementary 
mathematics. Let us for the convenience of the reader give an outline of the proof here. The 
method used follows closely ideas of Rozansky |Eo3j and this paper owes much to Rozansky's 
work. As stated earlier we supplement the work of Rozansky by establishing certain required 
error estimates. Unfortunately the calculations needed to establish those estimates take up a 
big space explaining to a great extend the length of this paper. 

Let and let A be a Seifert manifold. By |Ha2l Theorem 8.4] (see Theorem 13.1(1 

we have 

r,W = .(r)E 'X^V P> 



It should thus be a theorem that the family of colored Jones polynomials associated to SU(2) can distinguish 
the unknot from all other knots. 
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where a(r) = br d9 l 2 ~ 1 e iC l T for some constants c 6 R and b G C \ {0} (depending on X). Here 
n is the number of singular fibers, g is the genus of the base of X and d = 2 if this base is 
orientable and d = 1 if it is non-orientable. (Here we say that the non-orientable connected 
sum # fc MP 2 has genus k.) The function h is extendable to an entire function with some nice 
symmetry properties (see (JHU))- 

Because of the simple form of a(r) we can concentrate on Z(X;r) = T r (X)/a(r). For technical 
reasons (see Remarks 15 . II and 15 . 2p we will assume that dg is even, so from now on X is a Seifert 
manifold with orientable base or nonorientable base of even genus. 

The first task is to get rid of the dependence of r in the summation limit in . To this end 
we use that a function / : Z — > C periodic with a period of P satisfies 

P-l 

fc=o £ ^ + fcgZ 

This leads together with some other symmetry considerations to the formula 

Z(X;r) = r lim lim Ve"^ ffl r , (9) 



where we have introduced an extra parameter £ to avoid singularities. (If there are no singular 
fibers, i.e. if n = 0, then we have to include the extra factor 



sm 



sin (S( 7 

in the summand.) 

To proceed we change © to a sum of integrals by using the Poisson summation formula 



oo 

V- / e^x^dx. (10) 



It is well-known that this formula is valid for functions (p in the Schwartz space <S(R) of smooth 
functions, that, together with their derivatives, are rapidly decreasing at infinity, see e.g. |Hoj . 

We use Poisson's formula with ^(7) = e^ 71 ^ 2 sin n+dg-2(3(7-ig)/r) ( w ^ n nxe d 6 an< ^ £ )- This is 
in <S(R) because h is periodic and (putting z = 7/r, 5 = er 2 and r\ = £/r) we arrive at an 
expression of the form 

/oo 
e- 7r<522 K(z)e r ( Q ( 2 ) +2mm2 )dz, (11) 

WAfcA "°° 

where A is a finite set (only depending on X), Q is a polynomial in z with coefficients only 
depending on A and X, and 



k(z) 



e ibz 



sm k (ir(z — irjj) ' 

where i) £ I only depends on A and X and k = n + dg — 2. Put k(z) = e~ nSz2 k(z) and 
Qm(z) = Q{z) + 2-Kimz in the following. We note that Q m is of degree 1 if the Seifert Euler 
number E of X is equal to zero and of degree 2 if E ^ 0. This makes the asymptotic analysis 
in the case E = different from (and also simpler than) that in the case £ / 0. To make the 
notation in the following compatible with the notation used in Sec. Eland |SJ we put A = tt^. 

Let us first assume that E 7^ 0. In this case the integrals I(r) = K(z)e r( ^ m ^ dz in f|l ip are 
approximated by using the steepest descent method. Thus, if z st denotes the stationary point 
of Q m , i.e. Q' m (z s t) = 0, we deform the integration contour (here the real axis) to a new contour 
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C passing through z B t in such a way that the large r asymptotics of J c n{z)e r( ^ m ^dz is easy 
to obtain by standard methods (such as the Laplace method), see e.g. |BH| . |B] . |Woj . It can 
be shown that a good such contour is a contour C s d along which the imaginary part of Q m is 
constant. In the case of I(r) this so-called steepest descend contour is the straight line 

lm(z)=sign(A)(Re(z)-z st ). (12) 

(We note that the stationary point z st is non-degenerate, i.e. Q^(^ st ) / 0, and that this point 
and thereby C s d depend on (m,A).) To determine the asymptotic expansion of I(r) in the 
limit r — > oo we need to calculate the large r asymptotics of the new contour integral J(r) = 
J c K(z)e r( ^ m ^(iz, and of the difference I(r) — J(r). This difference is zero for k < and is for 
k > given by the infinite sum of residues in the poles of k(z) crossed when deforming the real 
axes to C s d, i.e. the poles z\ = I + ir], I £ Z, for which 

sign(A)(Z - z st ) > X]. (13) 

(We refer to Lemma 15.41 ) By futher showing that certain infinite sums are absolutely convergent 
(see Lemma l5.5|) . we therefore end up with the following partition of Z(X; r): 

Z(X;r) = r lim VS lim (Z ilitl (S,rj) + Z intpolar (£, rj) + Z po i avl (5,r])) , (14) 



where 



Z 



int,l 



= E ^) / K(z)e r ^dz, (15) 



(m,X)eW 

£int,p°lar(<^) = E E / <Z)e r ^dz, 

XeA m G z J C sd (m,X) 

z st (rn,X)£Z 

^ P oiar,i(M) = 27riE5(A)E E Res z= Zl ( v ) [n{z)e 

XeA meZ iez 

sign(yt)(Z- z B t(m,X))>T) 



a rQ m (z) 



where W = {(m, A) G A x Z | 2 s t("i, A) ^ Z}. (Here we suppress the dependency on r and also 
to some extend the dependency on A in our notation for not making it too clumsy.) The above 
sums are all absolutely convergent. By rearranging the terms in the sum ^ po iar,i(^ v) we obtain 
an expression of the form (see Lemma 15. 5j) 

Z P oiar,i(M) =2^E^( A )E' 9 W E Re Sz=iv {4>(z;l,X)e 2mrmz }, 

XeA le'L ™SZ 

ZTY 7T 7T ' 

where B/tt is a certain rational number only depending on A and X, and <j) is a meromorphic 
function independent of m. Along the same lines we obtain the expression 

^int,polar(<5, lj) = £ 9&) E ^ E / ^ Z > A )* 

where C(X,p), p £ R, is the line 

Im(z) = sign(^4)Re(2;) — p. 
We have a decomposition (see Lemma 15.61 for details) 

Zint,polar(6,77) = ^ po lar,2 {5, 1]) + Ziat^fa V) , 
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where Z po iar,2(<5) 77) is given by a sum of residues like Z po i aT ^(5, 77), in fact 

^poiar, 2 (£, rj) = ni E 5 (A) £ /?(/) E Res, =ir , I, \)e 2mrmz } , 
AeA zgz m& 

ZlY 7T 

and 

z int , 2 (s,r ] ) = Y,gW E ^(0 / W> A ) d y> ( 16 ) 

AeA ;gz ^C(A,r?) 

ZTT TV 

where F(y) is a meromorphic function with poles in Z (if A; > 0) (explaining the name ^mt, polar)* 
The next observation is that there exists a tjq > such that 

Z polaitl (S,r,) = 27riY / 9Wj2^ 1 ) E Res z=lv {^(z;l,X)e 2mrmz }, 

AeA lez mez 

Z7T 7T 

for all 7] g]0,7? ]. By letting Z polar (5,r/) = Z polar) i(*, 77) + Z polari2 (5, 77) we therefore obtain 

Z(X; r) = r lim lim (Z intjl (5, 7/) + Z int>2 (5, 77) + Z polar (5, 77)) , (17) 
5^0+ r\— »0+ 

where ^i n t,i (5, 77) and Zi nt) 2(#, 77) are given respectively by (fT3|) and ((TB|) and 

Z polar (5,7 ? ) = 2vr7E5(A)E/ 3 W E Res 2= J Q ^ ^T™ a a 1 • ( 18 ) 

m+# + 4«>0 

Here we have introduced the function Sym_|_ : M — ► {1, 2} (borrowing notation from |Ro3j ) which 
is 1 in all points except in zero where it is 2. 

The next natural step would be to try to calculate the limit lim5^ 0+ VSliva v -^o + fi^v) ( or 
at least the large r asymptotics of that limit) for / equal to each of the functions Z- m ti, Z- m t2, 
and Z pc ,iar (assuming these limits exist). Thus we start by showing that 

ZpoiarM := r lim Vd lim Z po i ar (<5, 77) (19) 

6— >0 + ?7— >0 + 

exists by calculating this limit explicitly. 

To handle the two other limits lim5^ 0+ v / ^lim^_ > o+ Z- mt ^(5, 77), v = 1, 2, more care need to be 
taken. Since the limits on the right-hand sides of (|17jl and (|19|) exist we have that 

Z int (r) :=r lim lim ^(^,77) (20) 
<5^0+ r?— »0+ 

exists, where Zi nt (<5, 77) = Z; nt) i((5, 77) + ^^,2(^,77). However, we do not calculate this limit 
explicitly, but only give it an asymptotic description. This is of course sufficient for the proof of 
Theorem 11.41 To find the asymptotic expansion of Z; nt (r) we show that we for each N G Z>o 
have a decomposition 

Zto, v (6, 77) = Z- mtiV (N; 5, 77) + R U {N- 5, 77) (21) 

such that 

Z- mt ,v(r;N) = r lim VS lim Z- mt v (N; S, 77) 

<5^0 + 77— »0+ 

exists and can be calculated explicitly, v = 1, 2. This implies that 

lim \/5 lim (i?i (JV; (5, 77) + #2 (-/V; 6, 77)) 
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exists. We will not show that lim^o-i- y/S hm 7? _ i .o + Rv{N; 5, rj) exists for each v = 1, 2 separately. 
Instead we show that R v (N;S,rj) is bounded from above by a certain function A V (N;5, rj) for 
which 

r lim \/~d lim A U (N; 5,r]) 

5^0+ 77 — >0 + 

can easily be calculated and shown to be small in the correct asymptotic sense compared to 
Zint,u(r; N) in the limit of large r, v = 1,2. This proves that Z- m t,i(r; N) + Zi n t,2(f,N) is the 
large r asymptotics of Z- mt {r) to an order depending on N. 

We observe that all the sums Z po iar(<5, fj), Z- int ^{5, rj), and Zint,2(<5, ??) are infinite. (For the sum 
Z'mt,2{8, rj) note here that A/ir G Q and that £?(A)/(27r) G Z for some A.) According to the AEC 
we should end up with a finite sum. Basically these infinite sums are changed to finite sums by 
using the periodicity result (J8J) 'backwards'. The sum Z po iar(<^ ??) m lUHt actually contains two 
infinite sums. We calculate one of these, namely the sum over m, explicitly. Let us give some 
futher details. First we change Z po \ &T {5,rj) to an expression of the form 



Res 



m-V(V)>0 

where T(l) is a finite index set depending on / in a periodic way, and G is periodic w.r.t. I. We 
use certain symmetries to establish that. Now, if a G R and / : Z — > C then 

\ - /(m) = /(m) sign(q)/(sign(a)m) 

^— ^ Sym_|_ [m — a) ? ^^ ) Sym_ t (m) ^—^ Sym±(m)Sym.±(m — \a\) 

m>a 0<m<\a\ 

in the sense that if the left-hand side is convergent, then the infinite sum in the right-hand side 
is also convergent and the identity holds. Using this identity on ()22j) together with 

E- ; — - = - cot(7rrz), 
Sym + (m 2 v ; ' 

valid for all z in the open disk in the complex plane with center ir\ and radius rj, we thus obtain 
^poiar(M) = E E (^Res 2=ir ,{e-^ + ') 2 G(z;/,^7 ? )cot(vrrz)} (23) 

sign(F)Res z=ir) je-^+^G^; /, v, v )e 27rirsi ^( v ) mz ^ 
^ Sym ± (m) Sym ± (m - \ V\ ) 

0<m<|V| / 

From this expression we obtain that Z po i ar (5) := lim r? ^o+ -^ P oiar(<5, ??) is equal to the right-hand 
side of (|23|) with r/ = 0. Finally lim,5^o + V^Zpoiar (<5) is calculated by using (jHJ). We thus obtain 
an exact expression for Z po iar( r ) equal to some Laurent polynomial in r. 

Let us also give a few more details concerning the calculation of the asymptotic expansion of 
Zmt(f) in ()2U|) . First we observe that 

Z intA (5) := lim Z- int)1 {8,rj) = V g{\) I K (z)e r ^^dz, 

where ko(z) is equal to K„(z) with 77 = 0. (For i/ = lwe thus calculate this limit before making 
the decomposition (|21l) ,) For an arbitrary (m, A) G W we can expand hq as a power series in a 
small disk around z st (m,X) (with a radius independent of (m,A)). Let A be an arbitrary but 
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fixed non-negative integer, and let kq(z; N) be equal to the first N + l terms in this power series. 
Then we let 

Z int>1 (N;5)= Yl 5(A)/ K (z;N)e rQ ^dz. 

The remainder term (to order N) is then simply given by Ri(N;5) = Zi ntj i(<5) — Zi nti i(iV; 5). 
Since the power series expansion of kq{z) is only valid in a small neigborhood of z s t(m, A) this 
remainder term is not simply given by replacing kq(z) by the remaining terms in the power series 
expansion in the expression for Z[ n t^(5), see Lemma 15.131 for details. 

The decomposition ()21j) for v = 2 is obtained in a similar way by representing a preexponential 
factor of the integrand F as a power series around y = 0. However, in this case the positive 
parameter r\ plays a crucial role and the limit lim^o+ can only be calculated in the final step. 

Let us finally say a few words about the proof of Theorem 11.41 in the case E = 0. Again we 
obtain the expression fjllfl . However, in this case Q(z) = 27riaz, where a is a constant depending 
on A but not on m, and the steepest descent method can not be used to calculate the large r 
asymptotics of the integrals J"^^ K(z)e r( ^ m ^dz since Q m (z) = Q(z) + 2-nimz has no stationary 
points in this case. Instead we show that there exist certain contours C(m, A) so that 

Z(X;r) = r lim Vs lim (Z int (5,rj) + Z po i ar ((5, 77)) , 

where 

Z in t(6,v) = E^ A )E/ <z)e rQm(z) dz, 

AeA meZ J G{m,X) 

Z P0 U6,V) = 2vri^ 5 (A) ]T £ Res z=zM [n{z)e rQ ^) . 

AeA mGZ ZgZ 

m-a(\)>0 

By estimating the integrals inside the sum Z\ nt {5, r/) it can be proved that 

lim Vd lim Z- mt (5, ri) = 0. 

Hence 

Z(X;r) =r lim lim Z po i ar (5, r?), 
5— >0+ 17 — >0+ 

and this double limit can be calculated explicitly along the same lines as in the case E ^ 0. 

From a general point of view the main problem when calculating the large r asymptotics of the 
quantum invariants as defined by Reshetikhin and Turaev, is that these invariants are given by 
a finite sum in which both the number of terms and the terms themselves depend on the level r. 
It has been speculated that there is some kind of number theoretic principle which can be used 
to calculate these asymptotics. In jj^ Jeffrey revealed that one can calculate the asymptotics 
of the SU(2)-invariants of lens spaces by an inductive argument using a reciprocity formula for 
Gauss sums. This reciprocity formula follows from an application of the Poisson summation 
formula, which is a special version of the Fourier transform (namely the Fourier transform of 
the sum of Dirac measures on some discrete subgroup of W 1 ). More generally Jeffrey speculated 
that the Fourier transform may be the basic mechanism behind identities needed for calculating 
the asymptotics. 

Rozansky |Rolj . |Ro3j took up these ideas and showed how to use the Poisson summation 
formula to calculate the asymptotics for the broader class of Seifert manifolds with orientable 
base space. For a general Seifert manifold the main idea is as illustrated above to change the 
finite sum formula for the invariant to an infinite sum using certain periodicity results. This 
involves introducing certain limits with respect to certain parameters. One can then use the 
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Poisson summation formula on the infinite sum. This leads to a formula for the invariant given 
by an infinite sum of integrals. Each of these integrals can be given an asymptotic description via 
the steepest descent method. As proved in this paper this leads ultimatively to an asymptotic 
formula like ([T]). 

For the calculations of the asymptotics of the SU(2)-invariants of Seifert manifolds one only 
needs a one-dimensional Poisson summation formula (involving only a sum over Z), see (jlUj) . 
In | J 1 j Jeffrey also obtained a multi-dimensional reciprocity formula for Gauss sums using a 
multi-dimensional version of the Poisson formula (see also |J2j and |HTl Appendix A]). She then 
used this to calculate the asymptotics of the G-invariants of some mapping tori over the torus, 
G being any compact simply connected simple Lie group. In |HT| the author and Takata use 
the multi-dimensional reciprocity formula to calculate the asymptotics of the G-invariants of 
the lens spaces by a similar approach as in |Jlj . 

In |AH| . Andersen and the author investigate the asymptotics of the SU(2)-invariants of the 
3-manifolds obtained by rational surgeries on the 3-sphere along the figure 8 knot. In these 
calculations the Fourier transform is not used. Instead the asymptotics is calculated by first 
obtaining a formula for the invariant given by a (finite) sum of certain contour integrals and 
then use the saddle point approximation method on each of the integrals. 

It seems that a general principle behind calculating the large quantum level asymptotics of the 
RT-invariants of 3-manifolds is to obtain in some way or the other a formula of the invariants 
given by some sum of integrals, where the number of terms in the sum (allowed to be infinite) is 
independent of the level r, and where the integrals can be asymptotically described by using some 
well-known approximation method such as the method of steepest descent or more generally the 
saddle point method. The involved integrals will be of a form J c ip(z)e r ^ z,> dz, where C is some 
(multi-dimensional) contour in C (C n ) and the phase function (j) and the function ip are some 
complex functions independent of the level r. Note that even for the case of lens spaces and 
mapping tori over the torus, where a reciprocity formula for Gauss sums is used, one actually 
uses this approach, namely, the involved reciprocity formula can be proved by this approach, 
see e.g. |HT1 Appendix]. The calculations in |AH| actually first lead to an expression for the 
invariants given by a finite sum of integrals, where the integrands are not of the nice form 
J c ip(z)e r ^ z ^dz. One has to make certain initial approximations to obtain an (approximative) 
expression for the invariants given by a finite sum of integrals of the nice form. This phenomenon 
should be expected in general. 

The paper is organized as follows. In Sec. [21 we introduce the notions from asymptotic analysis 
needed. In this section we study from a general perspective asymptotic expansions of the form 
These expansions constitute a certain subclass of a class of asymptotic expansions which we 
denote asymptotic expansions of generalized Poincare type, since they are finite sums with each 
term being an asymptotic expansion of (ordinary) Poincare type. A small but important result 
is Theorem 12 .31 which extend the well-known uniqueness property Lemma l2.1l for asymptotics of 
Poincare type to asymptotics of generalized Poincare type. In Sec. |3]we introduce notation for 
the Seifert manifolds and state from [Ha2 formulas for the RT-invariants associated to SU(2) of 
all Seifert manifolds. In Sec. we present detailed formulas for the large r asymptotic expansion 
of r r (X), X a Seifert manifold as in Theorem 11.41 Moreover, we review results of Auckly 
|Aulj on the classical SU(2) Chern-Simons theory on Seifert manifolds. (We correct a small error 
in Auckly's result, see Theorem 14.81 and below.) We demonstrate that Auckly's results combine 
with our formulas for the asymptotic expansions to give a proof of Theorem 11.41 Finally, we 
identify for the Seifert fibered rational homology spheres the Casson-Walker invariant in the 
asymptotic formula using results of Lescop |Lesj . In Sec. El and El the proofs of Theorems 14.11 
and 14.41 are given. We focus on the main ideas deferring technicalities to appendices. 
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We end this introduction by a side remark. The part of the theory of quantum invariants 
concerned with asymptotic expansions is often denoted the perturbative theory, and (parts of) 
the asymptotic expansions of the RT-invariants (or Witten's invariants) are called perturbative 
quantum invariants. One should note, however, that the notion of perturbative invariants has 
different meanings in the mathematical literature. There are the analytic asymptotics studied 
in this paper, and there are the algebraically defined perturbative invariants of Ohtsuki |Ohl| . 
|Oh2| . Note that Ohtsuki's perturbative invariant of a 3-manifold X is trivial unless X is 
a rational homology sphere |Uh21 Remark 1.3]. This is certainly not the case for the analytic 
asymptotics (as the results of this paper reveals). It is, however, generally believed that these two 
notions of perturbative invariants are closely related. It is speculated that the coefficients in the 
formal Ohtsuki series determine (some of) the coefficients in the analytic asymptotic expansion 
of the RT-invariants of rational homology spheres, see jOb.21 Example 1.6 and Sect. 5], |L"| . 
|Ro4j . |Ro5j and jOb.31 Sect. 7] for some results and conjectures. The results in this paper 
should be useful to investigate this question for the Seifert fibered rational homology spheres. 
We will however not pursue this issue futher in this paper. Recently K. Habiro has proposed new 
invariants for integral homology spheres which according to a conjecture of Habiro and Le should 
determine both Ohtsuki's perturbative invariants and the RT-invariants for these manifolds, see 
(Oh3l Conjecture 7.29]. (As stated in jOh3l p. 492] this should now be a theorem of Habiro 
and Le.) Let us finally mention that there seem to be some very interesting number theoretic 
aspects of the asymptotics of the Seifert fibered integral homology spheres. We will not consider 
this issue in this paper but refer to papers of Lawrence and Zagier |LZj and Hikami |Hlj - |H3] . 
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2. Asymptotic expansions og quantum type 

In this section we study asymptotics of the form Q from a general point of view. We shall 
call such asymptotics for asymptotic expansions of quantum type, see Definition 12.41 In this 
section we shall mention the few facts from asymptotic analysis needed to study them. For basic 
introductions to asymptotic analysis in general, see e.g. |BH| . [B], |S], and |Woj . 

Let in the following A = Z>^ = {m G Z|m > h} for some fixed positive integer h. Recall 
the usual order-notation denoted by the O- and o-symbols: If /, g : A — > C are two functions, 
then g = 0{f) if there exists a constant C such that |/(fc)| < C\g{k)\ for all k £ A. Of course 
such a condition only puts limits on the large k behaviour of f(k). We say that g = o(f) in the 
limit k —* oo if for all e > there exists a k £ £ A such that \g(k)\ < e|/(A:)| for all k > k £ . If 
f(k) ^ for all k (or for all sufficiently large k) this is equivalent to g{k)/ f(k) — > as k — > oo. 
As examples we have fc _ ( n + 1 ) = o(k~ n ) in the limit k — > oo and k n + \og(k)k n ~ 1 = 0(k n ) for 
every n G Z. A sequence of functions {tp n : A — > C}^L is called an asymptotic sequence as 
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k — > oo if for all n > 

<Pn+l(k) = o(ip n {k)) 

as k — > oo and if we for all n have that (p n {k) 7^ for all sufficiently large k. For functions 
/ : A — > C and / n : A — > C, the formal series Yln=o fn(k) is called a generalized asymptotic 
expansion of /(&) with respect to the asymptotic sequence {(/j n (/c)}, as fc — > 00, if 

JV 

/(*;) = + ( 24 ) 

n=0 

in the limit k — » 00 for every Af > 0. In this case we write 

00 

/(*0~E /*(*); (25) 

n=0 

When / n (/c) = a n ip n (k), a n a fixed complex number, for every n, then the above expansion is 
said to be of Poincare type. Furthermore, if the expansion is of this type, and <p n {k) = 
\ n a fixed complex number, the expansion is said to be of power series type. We have the 
following immediate uniqueness result for asymptotic expansions of Poincare type (see e.g. |BHl 
pp. 16-17]). 

Lemma 2.1. Let {^n}neN be an asymptotic sequence and let f : A — > C. Then there is at most 
one sequence of complex numbers ao, ai, 02, . . . such that 

00 

f(k)~^2a n tp n (k); {(p n }, k -> 00. 

n=0 

□ 

The following definition gives a generalization of asymptotic expansions of Poincare type and 
power series type suitable for our needs. 

Definition 2.2. A function / : A —* C is said to have an asymptotic expansion of generalized 
Poincare type (w.r.t. the asymptotic sequence {ip n (k)}) if we for all nonnegative integers N have 

+ o(<p N (k)) (26) 

in the limit k — > 00, where M is a non-negative integer, g 3 - € [0, 1[ and G C. If, moreover, 
frnik) = (C(^)) Am 5 A m fixed complex numbers, then we will say that / has an asymptotic 
expansion of generalized power series type. The asymptotic expansion in ((2*6^) is called trivial if 
cln = for all j and m (this case being equivalent to the case M = 0, i.e. the case where the 
sum X^-=i i s P u t equal to zero). 

By the notation (|25|). the identities (|26j) can also be written 

00 / M \ 

~EE e27rife9jc 4 M*0; {^}, k - 00. 

m=0 \i=l / 

We immediately get that the set of functions / : A —* C having an asymptotic expansion of 
generalized Poincare type w.r.t. a fixed asymptotic sequence is a subspace of the C-vector space 
of all functions / : A —* C. (The zero function : N — > C has trivially a trivial asymptotic 
expansion of generalized Poincare type (w.r.t. any asymptotic sequence).) 



/(*) 



M 



N 



3=1 



m=0 
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It is natural not to destinguish between asymptotic expansions of generalized Poincare type 
which can be obtain from each other by trivial means. We will thus say that two such asymptotics 
are equivalent if the one can be obtained from the other by a finite sequence of the following 
operations: i) interchange two terms in the sum X^jf=i m Q26|). ii) remove or add a term in ^2jL\ 

with dn = for all m and iii) collect two terms with the same qj— value. These operations also 
lead to a kind of minimal representation for each equivalence class of asymptotic expansions 
of generalized Poincare type, namely if we have such an asymptotics we will say that it is on 
minimal form if it has no terms with dn = for all m and if the gu's are mutually different. 
Thus, up to the summation order in X^j=i eacn equivalence class has a unique representative 
on minimal form. In particular, a trivial expansion is on minimal form if and only if M = in 
(|26j) . We shall not destinguish between an asymptotic expansion of generalized Poincare type 
and its equivalence class. 

The following theorem extends the uniqueness property for asymptotic expansions of Poincare 
type, Lemma [2. 11 to asymptotic expansions of generalized Poincare type. The proof is very short 
due to an idea of Pieter Moree. 

Theorem 2.3. Let f : A — > C be an arbitrary function. Then f has at most one asymptotic 
expansion of generalized Poincare type w.r.t. a given asymptotic sequence. The zero function 
has only the trivial asymptotic expansions of generalized Poincare type. 

Said in another way: If / : A — > C has an asymptotic expansion of generalized Poincare type 
as in (J26|) and if this expanion is on minimal form, then M and the qj's and dn's are uniquely 
determined by /. 

Proof. Since a linear combination of asymptotic expansions of generalized Poincare type w.r.t. 
a fixed asymptotic sequence is again an asymptotic expansion of generalized Poincare type w.r.t. 
this asymptotic sequence it is enough to consider the case where / = 0. Assume therefore that 
we for all iV > have 



M N 
j=l m=0 



+ o(<p N (k)) (27) 



in the limit k — > oo, where the g^'s are pairwise different numbers in [0, 1[ and d m G C. By 
multiplying by e ~ 2mkqi we can assume that gi = and qj g]0, 1[, j = 2, 3, . . . , M. We have to 
show that all the dn's are zero. If M = 1 this trivially follows from Lemma l2,H so we can assume 
that M > 1. By putting N = we see that g(k) := c\ + ^2^L 2 Cje 2mkqj converges to zero as 

k — > oo, where we have put Cj = qj. Thus |<?(fc)| 2 — ► as k — > oo implying that J]fc=o ls r (^)| 2 
converges to zero as L — > oo. Here 

\ g (k)\ 2 = | C1 | 2 + |c 2 | 2 + . . . + |c M | 2 + £ c^e 2 ^"*), 



■je{i, m) 



and therefore 



i L } i i Jl-niLiqi— o,) 

1 i /tm2 I 1 2 I 1 9 i , 2 -L — e 

=|ci| +|c 2 | + M + z 2^ c ^ i _ e 2^ qi - qj) 

k=0 i,j£{l,...,M} 

so Ylk=o \9(k)\ 2 converges to |ci| 2 + \c2\ 2 + . . . + \cm\ 2 as L — ► oo, hence Cj = for all j. 
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The proof is finalized by induction: Assume that cP m = for all j and all m = 0, 1, . . . , N — 1 
and get from (|2*7|) that c]y + Ylj=2 d N e 2mkq ^ converges to zero as k — > oo. As before we then 
have cjy = for all j. □ 

Let us see how the above fits into the theory of quantum invariants. Therefore, let / : A — > C 
and assume that there exist constants qj G [0, 1[, Dj G Q and bj G C for j = 1,2, ... ,n, and 
a J m G C for j = 1, 2, . . . , n and m = 1, 2, . . . such that we for all N G {0, 1,2,.. .} have 

M / AT \ 

f(k) = l>j< ' 2::,hl [ 1 +Y1 a L k ~ 6m + o(k D - dN ) (28) 
j=l \ m=l / 

in the limit k — > oo, where D = max{Z?i, . . . , Dm} and {# m } is a strictly increasing sequence 
in ^Z>o, where b is the least positive integer such that bDj G Z for all j, compare with Con- 
jecture By adding terms of the form 0k~ l / b we can assume that {# m }m=i = j;^>o- It is 
straightforward to see then that we for any N G {0, 1,2,.. .} have 

M N 

f(k) = e 2mk<1 > Yl ^ Xm + o(k x ») (29) 

j=l m=0 

in the limit k — > oo, where = for m = 0, 1, . . . , ej — 1, ej = b(D — Dj), and = bjO l m _ e . 

for m = ej, e 3 - + 1, . . ., and A m = D — 8 m , m = 0, 1, — Here we have put Oq = 1 and #o = 0. 
Thus / has an asymptotic expansion of generalized power series type with £ = id and {A m } a 
strictly decreasing sequence equal to ^Z<^ as a set. 

If oppositely / : A — > C has an asymptotic expansion like in (|2*U)) with {A m } a strictly 
decreasing sequence equal to |Z< a as a set, a G Z and 6 some positive integer, then it is 
straightforward to bring the expansion on a form like in l)28j) . Simply put Dj = X ej , where 

ej = min{m G Z>o|c^ / 0} 

and bj = dj , am = c' m+e Jbj and 9 m = D — A m+e , where e = min{ei , . . . , eAf }• (We assume here 

that there are no j's with cL = for all m. If = for all m, simply ignore that term.) 

Because of the above, we will pay special attention to the following asymptotic expansions of 
generalized power series type. 

Definition 2.4. A function / : A — > C is said to have an asymptotic expansion of quantum type 
w.r.t. b G N or a quantum 6-expansion for short if / has an asymptotic expansion of generalized 
power series type as in Definition 12.21 with £ = id and {A m } C ^Z. The expansion is said to be 
on minimal form if the expansion is on minimal form as an asymptotic expansion of generalized 
power series type. 

We can assume w.l.o.g. that {A m }^ =0 = £Z< a , where a = Aofr. Moreover, it is obvious that a 
quantum 6-expansion is also a quantum b' -expansion for any b' divisible by b. We note that the 
set Q of functions / : A — > C having an asymptotic expansion of quantum type is a subalgebra 
of the C-algebra of all complex functions on A: It is obvious that a scalar times a / G Q is again 
in Q. If fi G Q has a quantum ^-expansion, i = 1,2, then both f\ and f2 have a quantum 
6-expansion, where b = lcm(6i,&2)- Now the sum and product of quantum 6-expansions are 
again quantum 6-expansions, so f\ + fi and /1/2 are both in Q. 

We can now restate the AEC, Coniecture ll.il in the following form: 
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Conjecture 2.5. For any 3-manifold X the function r >—>■ t!~(X), Z>^v — > C, has an asymptotic 
expansion of quantum type as in dHJ) with {qjjjix being the image set of the Chern-Simons 
functional on the moduli space of flat G -connections on X. 

By combining the AEC and Coniecture ll,3l we get the stronger conjecture that r i— * t£*(X) has 
a quantum 2-expansion. Note that the fact that Q is multiplicative stable is well in accordance 
with the AEC and the fact that the RT-invariants behave multiplicatively w.r.t. connected sums, 
see e.g. [El Chap. II]. 

We end this section by giving miscellaneous facts about asymptotic expansions of quantum 
type. First we make the trivial remark that not every function / : A — * C has an asymptotic 
expansion of quantum type. If namely / has such an expansion there exists a positive constant 
C and a rational number A such that 

< Ck x 

for all k 6 A. Thus it is easy to give examples of classes of functions which do not have an 
asymptotic expansion of quantum type. One such class is given by f{k) = P(k)e^^ k \ where 
P(k) is a Laurent polynomial in k (different from zero), and Q(k) is a polynomial in k of degree 
> 1 with positive leading coefficient. 

Theorem 12.31 shows that a function having an asymptotic expansion of quantum type de- 
termines the quantities building up the expansion (if the expansion is on minimal form). The 
opposite is obviously not the case. That is, two different functions f,g:A^C can have the 
same asymptotic expansion of quantum type. If namely / has an expansion like in (|29|). if 
g = f + h, and if h = o(k Xm ) as k — > oo for all to, then g has the same asymptotic expansion of 
quantum type as /. As an example one can let h{k) = exp(/3k) with (3 a negative real number or 
more generally h{k) = P{k) exp(Q(k)), where P(k) is a (non-zero) Laurent polynomial and Q(k) 
is a polynomial of degree > 1 with negative leading coefficient. In particular, such a function h 
has a trivial asymptotic expansion of quantum type (without being zero). 

Consider a function g : A — > C given by an expression of the form 

M 

g{k) = Y j e 2mkq] k D >b ] g 3 {k), (30) 
i=i 

where bj £ C \ {0}, Dj 6 Q and qj 6 [0, 1[, and gj(k) are polynomials in k~ l l b with constant 
term 1, where b is the least positive integer such that bDj £ Z for all j. Then / has obviously 
an asymptotic expansion of quantum type. More generally this is true if the functions gj satisfy 
asymptotic identities 

oo 

9j (k) ~ Yl < k ~ m/b -> {k~ m/b }, A;^oo (31) 

m=0 

with ag = 1 for all j. A particular example of the above is given by the case where 

oo 
m=0 

If we put a 3 bm = din for m £ Z>o and a J m = for m not divisible by b we get (|3*T|). 

For any function / : A — > C having an asymptotic expansion of quantum type there exists 
a function g : A — > C given as in (|30j) and satisfying that / and g have the same asymptotic 
expansion of quantum type. In fact, assume that the expansion of / is non-trivial and assume 
it is on minimal form (to avoid terms with cf m = for all m). By our comments in connection 
to ((2T)]) we can find constants bj, Dj and o 3 m and a sequence {6 m } such that ({23) is satisfied. 
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According to (2 Sec. 1.9] we can find functions gj : A — > C such that (|3*Tj) is satisfied. (In fact, 
if < a < 1, < a < tt and S = {z £ C : \z\ > a, |Arg(z)| < a} then we can find analytic 
functions fj : § — > C such that 

oo 

By letting gj (k) = fj{k l l b ), ken, we get the desired functions.) Now, if we let g : A — > C be 
given by (|3Uj) with the 6-,'s, Dfs and the q^s coming from the expansion of /, then g has 
an asymptotic expansion of quantum type equal to that of /. The functions gj are of course 
not uniquely determined by the numbers a° m - We see that the function g can even be chosen to 
be analytic in any sector shaped region in the complex plane containing the positive integers. 
However, from an asymptotic point of view we do of course not gain anything. The asymptotic 
behaviour is solely determined by the coefficients dm, the numbers qj and the sequence {A m }. 

Assume / : A — > C has a non-trivial asymptotic expansion of quantum type as in (|28|). and 
let J = { j € {1, . . • , M} | dj = D }. Then 

^2b je 2nikq ik D (32) 

is called the leading term of the asymptotic expansion of /. For a 3-manifold X with discrete 
moduli space of flat G-connections the semiclassical approximation of Z9(X), i.e. the right-hand 
side of (jlj, is (conjecturally) the leading order large k asymptotics of ZP(X) if and only if all the 
.Da's are equal. In general the leading asymptotics is given by the sum of terms with maximal 

3. The Reshetikhin-Turaev invariants of Seifert manifolds for SU(2) 

We use the notation introduced by Seifert in his classification results for the Seifert manifolds 
(or rather fibrations), see |Selj . |Se2j . |Ha21 Sect. 2]. That is, (e; g \ b; (ai, /3i), . . . , (a n , f3 n )) 
is the Seifert manifold with orientable base of genus g > if e = o and non-orientable base 
of genus g > if e = n (where the genus of the non-orientable connected sum # k RP 2 is jfe). 
(In jSelj. |Se2j (e;g \ b; (ai, (3i), . . . , (a„, /3 n )) is denoted {0,e;g \ b; ai, . . . ; a n , j3 n ) but we 
leave out the O, since we are only dealing with oriented Seifert manifolds.) The pair (ctj,f3j) 
of coprime integers is the oriented Seifert invariant of the j'th exceptional (or singular) fiber. 
We have < f3j < ctj. The integer —b is equal to the Euler number of the Seifert fibration 
(e;g \ b) (which is a locally trivial S^-bundle). The sign is chosen so that the Euler number 
of the spherical (or unit) tangent bundle over an orientable surface S is equal to the Euler 
characteristic of S, see (Ml Chap. 1 and 4], (S3 Sec. 3]. More generally, the Seifert Euler 

number of (e;g \ b; (a%, . . . , (%, /3 n )) is E = — (b + X]j=i Pj I a jj ■ We note that except 
for a small class of Seifert manifolds, the Seifert invariants are actually topological invariants, 
i.e. they classify the Seifert manifolds up to orientation preserving homeomorphisms, see e.g. 
|()r| Chap. 5 Theorem 6 p. 97 and Sec. 5.4] or |.TN| Theorem 5.1 p. 32]. The exceptions are 
the lens spaces, the prism manifolds (o;0 | b; (2, 1), (2, 1), (a, /?)), and the manifolds (n; 2 |0), 
(o;0 | - 2; (2,1), (2,1), (2,1), (2,1)), (n; 1 | b) with b ^ and (n; 1 | b; (a, (3)). These exceptions 
constitute a proper subclass of the 'small Seifert manifolds' listed in |Or| pp 91-92]. The lens 
spaces are the Seifert manifolds with e = o, g = and n < 2. A Seifert manifold which is not 
small is sometimes called a large Seifert manifold, see [Or! p. 92]. 

For the convenience of the reader we will state all results in the following both in terms of the 
Seifert invariants and in terms of the so-called non-normalized Seifert invariants due to W. D. 
Neumann. For a Seifert manifold X with non-normalized Seifert invariants {e;g; (a\,/3i), . . . , 
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(ot n , f3 n )} the invariants e and g are as above. The (aj,f3j)'s are here pairs of coprime integers 
with a.j > but not necessarily with < f3j < ctj. These pairs are actually not invariants of 
the fibration X. Thus {e; g; (ai,/3i), . . . , (oc n ,(3 n )} and {e;g; (a^,/^), . . . , (a' m ,[3' m )} are two sets 
of non- normalized Seifert invariants of X if and only if the set of pairs (a'j,/3j) can be obtained 
from the set of pairs (ai,f3i) by a finite number of the following two moves: i) add or delete a 
pair (1,0), ii) replace each (aj,/3j) by (cti,Pi + KiOi) provided J^iiQ = 0. For details, see |.7N| . 
The Seifert Euler number of X is — E<=i (which is an invariant of the Seifert fibration 

X). The main advantage obtained by working with the non-normalized invariants is to make 
more 'symmetric' expressions, since the invariant b is treated formally as a Seifert invariant 
(1, b) of an exceptional fiber. Thus the Seifert manifold (e; g \ b; (ai, /?i), . . . , (a n , (3 n )) is equal to 
{e; g; (1, b), (a%, . . . , (a n ,{3 n )}. Of course the number of exceptional fibers is a constant for a 
Seifert manifold. This number can be read off directly from the (normalized) Seifert invariants, 
but can also be read off from a set of non-normalized invariants as the number of pairs (ptj,/3j) 
with a.j > 1. 

In |JN| the authors work with a more general class of oriented fibered spaces, denoted Gen- 
eralized Seifert fibrations. According to |JM Theorem 5.1] these spaces are (up to orientation 
preserving homeomorphism) the classical oriented Seifert manifolds as considered here and con- 
nected sums of lens spaces (considering S 1 x S 2 as a lens space). Since the RT-invariant of a 
connected sum of 3-manifolds is the product of the RT-invariants of the 3-manifolds in that 
connected sum (up to a normalization factor), the results of |Jlj actually show the AEC for 
these connected sums of lens spaces and G = SU(2). 

To state the next theorem we need some notation. For a pair of coprime integers c, d with 
|c| > 1 the Dedekind sum is given by 



s(d, c) 



4 c 



! M-l 

u E cot 



irj ndj 
— cot 



(33) 



j=i 



for |c| > 1 and s(d, ±1) = 0. We refer to RG for a comprehensive description of this function. 
The Dedekind symbol is given by 



S(d/c) = 12sign(c)s(d,c). 



(34) 



Multi-indices are denoted by an underline (e.g. n). For k = (k\, . . . , k n ), I = (h, . . . , l n ) £ Z n , 
k < lil and only if kj < lj for all j = 1, . . . , n. We let 1 = (1, . . . , 1). For k = (k±, . . . , k n ) G Z" 

we write X^m=o f° r Em =o • • • Em =0 e ^ c - -^ e * a o = 2 and a n = 1. Given pairs of coprime 
integers otj,f3j we choose integers Pj,(Jj such that ajcjj — j3jPj = 1. 

Theorem 3.1 f |Ha21 Theorem 8.4]). The RT-invariant at level r — 2 of the Seifert manifold X 
with (normalized) Seifert invariants (e;g \ b; (cti,(3%), . . . , (a n ,(3 n )) is 



T r (X) 



(-1) 



„a e o/2— 1 i 



2 a e5 /2-l 



(35) 



x exp 



ITT 

2r 



3(a e - l)sign(^) - E - S 

3=1 



0, 



Q, 



Z{X;r) 



where A = YYj=\ &j and 



Z(X;r) 



r-l 



5 E 



-l)7««fl/ l ( 7 ) 



7=1 



sm 



n+a e g—2 I tt_ 



7)' 



(36) 
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where 

a-l 



Kl) = exp(^ 7 2 ) £ Ein^l (37) 



Me{±i}™ 21=0 y=i 
Pi 2 i I I iff Zrrij + 



x exp I 2-7ri — frn^ + I exp ( 7 ■ 

V fe a ' 7 V r ^ 

T/ie RT-invariant at level r — 2 of the Seifert manifold X with non-normalized Seifert invariants 
{e; g; (a%, ft), . . . , (a n , ft n )} is given by the same expression. 

The theorem is also valid in case n = 0, where one has to put Y^j=i ^(Pj/ a j) = an d A = 1 
in Q35|) and let ^1(7) = exp (^^7 2 ) in The reason for including the factor {i/2) n in the 

expression for Z{X\ r) is that then Z(X; r) does not depend on the choice of non-normalized 
Seifert invariants for X. In fact, Z(X;r) only depends on the ft's through the Seifert Euler 
number E, and if we add a pair (a,f3) = (1,0) each of the terms in the sum-expression for 
Z(X;r) changes by a factor — 2i, hence Z(X;r) does not change. 



4. The analytic asymptotic expansions of the Reshetikin-Turaev invariants of 

Seifert manifolds 

Let X be a Seifert manifold with (normalized) Seifert invariants (e; g \ b; (ai, ft), . . . , (a n , ft)) or 
non-normalized Seifert invariants {e; g; («i, ft), . . . , (a n ,{3 n )} with e = o or g even. Let ft = b if 
X is given by normalized Seifert invariants and ft = otherwise. We will below present detailed 
expressions for the asymptotic expansions of the RT-invariants of X. It will follow that all parts 
of the asymptotics are expressible by the Seifert invariants. 

By the Theorems 14.11 and 14.41 below. Z(X;r) has an asymptotic expansion of the form l|Tj). 
and according to Theorem 13.11 



.(X) = 6r a ^/2-i exp Z{X;r), 



where a£l and b G C \ {0}, so T r (X) has also an asymptotic expansion of the form (|T|). 

Before stating Theorems 14. II and 14.41 we need some preliminaries. We treat the case n = as 
the case n = 1 with (ax, ft) = (1, 0). For E ^ we let z st :ZxZ n ^Kbe given by 

Moreover, let 

n ^ 

9(m,n) = J2 —n 2 j ~ - A Ez st {m,nf (mod Z), (m,n) G Z x Z n , (39) 
— a, J 4 



1 



1 " / 1 \ 

<?a,no = -^M 2 + zZ(^ n ? - - A a ^i l2 ) ( modz )> (hn!)€M, 
j=i \ j 



(40) 



where M = { (i,n')eZx (±Z) n | n' G Z n + ±Zft } . We let 

S = {nGZ n |0<n<a-l} (41) 
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and 



I2 



{ (m,n) £ Z x S I < z st (m,n) < 1 } , 
l(l,n')eM /€{0,l},0<n'<i«} 



(42) 
(43) 



Above q^m^n) and X\ are of course only denned for E ^ 0. We need a partition 



(l,n')el 2 



3// G {±1}" : V m g 



and Z| = I2 \ °f -^2- We will need to write 1 and 2 in a sophisticated way, namely let 



and 



Sym ± (x) 



Sym z± (x) 



,x = 0, 



1 ,iGM\iZ, 



(44) 



(45) 



These functions have a group theoretical explanation, see |R,o3| p. 36]. However, this can be 
neglected here. Basically these functions are used to keep track of how many times certain terms 
contribute to certain sums being part of the asymptotic expansion of Z(X;r). 

As already indicated above we have to consider the cases E = and E / separately. 
Theorem 14. II concerns the case £ / while Theorem 14.41 takes care of the case E = 0. 

Theorem 4.1. Assume the Seifert Euler number E 7^ 0. Then 

Z(X,r) = Z polar (A» + Z- mt (X;r), 

where Z po i aY (X;r) is a sum of residues, while the other term Z[ n t(X;r) is given by certain limits 
of sums of certain integrals along contours in the complex plane. If n + a t g — 2 < then 
•Zpoiar(A^; r) = 0. For n + a e g — 2 > we have 



Z po \ &r (X;r) = b^n') exp(2mrq { i t n'))r [Zjy '~>(r) + Z\ '~>(<r 

(z,n')eJ 2 



where 



2™(-l)( n +£"=i^ 
(l,n') 



(46) 



(47) 



Q(l,n') * s given by (|4()|) . and the functions Zq'~ ' and zf'~ ^ are given by 



Z 



(l,n>) 



(r) 



7T 



Res 



2=0 



exp 



-Ez 2 ) 



sm n+a * 9 - 2 (irz) 



cot(7rrz) 



(48) 



3=1 



ism. ( 2tt— n' - ) cos ( ir — ) sin ( 2irrz 



a; 



a, 



+ cos ( 2x—n'j ) sin ( ir — ) cos ( 2irrz— 



Q; 



n • 



a , 
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and 



z[ lA '\r) 



TTl 



sign(a J 



(-2) n ^ 



xRes 



2=0 



Sym_j_(m)Sym_ l _ (m — \a\ 

0<m<\a\ 

exp [^Ez 2 + 27rirsign(a) (m - \a\) z] 
sm n+a ^- 2 (TTz) 



sin 



3 2a 3 



where a = a(/x', n') = X/?=i Fa particular, Zq'~ '(r) = if g = 0. 

— •* 3 

Let Z = 1\ U Zf , and let ko = i/ n is even and ko = 1 otherwise. Moreover, let ki 
min{0, fci}, where k\ = (ko — n — a e g + 2)/2. Then 



-V 2 Z int (X;r) ~ ^ ^exp(2vrirg 7 )^ ) r" fe ; {r- fc }, 

fc=fc2 \7G2~ 



oo, 



where the quantities q-y and cj, are given as follows: For 7 = (m,n) G I\, g 7 is given by (|39|) . 
Moreover, 



= (-l)" e T^( E ) 




2 1 



E\ k\ \ 2-kE 



n?=ism(£(2^ 



sin 



n+a e g-2 



(49) 



z=z st (m,n) 



for k > and = /or fc < (in case k% < 0). Here z s t(m,n) is given by (|38|) . For 
7 = Q>>Tk') S Xg, g 7 is given by (|4U|) . For G fci + 1, . . .} we put k' = 2k + n + a e g — 2 and 
have 



k (_ 2 )n 7r n+a e g-2 ^\E\ 

where fr(z 5 n') * s given by (|47j) and 
f(z;l,n,[i) = 



£ dPf(z;l,nf,[jf) 



2=0 



(50) 



7TZ 



Sin 7TZ 



n+a e p-2 « 

sin 1 ;t 



Q:/ 



We note that k\ < 1, and k% = 1 if and only ifn = ko = 1, e = o and g = 0. In £/ia£ case Cq = 0. 

We have in the above theorem focused on the asymptotic expansion of Z(X;r) and have 
therefore chosen not to give an explicit expression for the term Zi n t(X;r). Such an explicit 
expression can be found in the proof of Theorem 14.11 see (|107j) together with (jlOOj) and (|102|) . 
but is not relevant here and is not very informative. 

Remark 4.2. The above theorem is also true in case n = if we as usual put all products IIj=i 
equal to 1 and all sums Y^=i equal to and if we make the following natural adjustments: The 
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function z st in (|38j) and the q-function in (|39|) only depend on m G Z, namely 

/ x 2m 



" E ' 

2 

m 



q m = — — (mod Z). 

The index sets Zi, Z2 and Z% become 

X\ = { m G Z | < z st (m) < 1 } , 
J 2 = Z 2 Q = {0,1}. 

The g-function in (JiU|) degenerates to = —jftol 2 (mod Z), Z = 0, 1. The sum 



2 = 



in (|5U)l simply becomes 



, a,q—2 

sm(7rz) 



2=0 

(Z,n') 



The coefficients 6(z )n ') in l)47|) become 6; = 1, Z = 0,1. Finally the functions Z„'—, v = 0,1, 
degenerate to Z[(r) = and 

/ / x fexp(^£z 2 ) , 1 

4(r = -^Res2=o . ag V f cot(vrrz) 
z I sin eS (vtzj I 

for Z G Z2, both actually independent of Z. Thus 

(exp^Bz 2 ) , 1 
Z po i ar (X;r) = -7rrRes z=0 < . - „ 2/ — f cot(7rrz) > . 

I sm ty (7TZj I 

To verify the above claims recall that we in Theorem 14, II have treated the case n = formally 
as the case n = l with (ai,f3\) = (1,0). Putting (pi,<7i) = (0,1) we immediately get the claims 
above, see also the proof of Proposition 14.51 The case n = and E 7^ only occurs if we work 
with normalized Seifert invariants, namely for the spaces X = (e; g \ b), b ^ 0. If we work with 
non-normalized Seifert invariants there will always be a (a, /?)— pair of the form coming 
from (modifications of) the pair (1,6). 

There is a peculiar thing in the above theorem. Namely if X is described by non-normalized 
Seifert invariants we can always add as many (a, /?)— pairs (1,0) as we want. In that way we 
can always obtain that the criterion n + a 6 g — 2 > is satisfied. We will see that this does not 
change anything. In fact both terms Z po i ar (X;r) and Z- int {X;r) are independent of the choice 
of non-normalized Seifert invariants for X, see Proposition 14.51 for the precise statement. 

Before considering the case E = let us take a more careful look at Z po \ ar (X;r). 

Proposition 4.3. Assume that n + a t g — 2 > 0. For each 7 = (l,nf) G Z2 and v G {0, 1} the 

junction Z~J(r) is zero or is a Laurent polynomial in r of the form Y^t"^!^ a l rk > "where the 
coefficients al = for all but finitely many k. 



Proof, 



The proof is straightforward. Let (Z,n') G Z2 be fixed and put Xj = sin (tt ^ 3 and 
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Kj = cos ^7r 2 ^" 3 ^ . We start by analyzing Zq'~ \ Put 



r(z) 



A r ( pi ,\ ( * \ ( n 'i 

J [ isin I 2ir—rij I cos I 7r — I sin I 27rrz— 
+ cos ( 2-7T— n'- ) sin ( 7r — ) cos ( 2irrz— 



and write r(z) = £™ =0 i" Ei<i 1 <...<><n 0(ji,...j„)(*)> where 



x II 

je{l,...,n}\{ji,...,j I/ } 



>v sjn I 7T— ^ cos ( 2nrz^- 



Note that g{j l ,...,j v ) has a zero in of order n or is constantly zero. We have 



9(j 1 ,...j v )(z) = r v J2 



(r)z fc , 



k=r. 



where e 



(iiv,>) i 

r(i,n') 



r) is a real polynomial in r of order at most k — n. This description gives the 

(l,n'). 



result for Zq '- (r). For the analysis of Z\ '- (r) we fix /jf G {±l} n and put 



2tt ( H-n't 



a; 3 2 a 



j J J 



n 



jUj-Aj cos ( 7T — ] — Kj sin ( tt 



a , 



a. 



and write a(z) = £™ =0 T,i<j 1 <...<j v < n tyji.-jV)^)' where 

ie{ii,...,>} v J/ 



Kj Sill 7T 



ie{l,...,n}\{ji, ...,>} 



Q:, 



We note that is independent of r and has a zero in of order n — v or is constantly 

zero. □ 

Let Aj and Kj be as in the above proof. We note that Aj = if and only if n'j £ {0, ctj/2} 
and Kj = if and only if n'j = ctj/A (so this happens only in case aj is even and I is odd). If 

Xj = for a j 6 {1,2, ... ,n} then the highest degree term in both Z§ ,R \r) and zf'-\r) is 
of an order strictly less than n + a e g — 3. If aj = 1 for a j € {1, 2, ... , n} we have Aj = for 
all (l,nf) € T2. If Aj = for m indices j G {1, 2, ... , n} then the highest degree term in both 

Zq'~ \r) and zf'~ \r) is of an order less than or equal to n + a e <7 — 3 — m. 

In the following theorem the case n = is treated as the case n = 1 with (ai,/3i) = (1,0). 
For that case, see also the remarks following the theorem. 

Theorem 4.4. Assume the Seifert Euler number E = 0. If n + a e g — 2 < then X = S 2 x S 1 
(so T r (X) = 1). For n + a e g — 2 > we have 

Z(X;r)= W)exp(27r^ ( ^ ) )r(4^' ) (r) + ^f^ ) (r)), 

(i,n')ex 2 
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where bn n n is as in qn n ') * s given by (|40j). Zq'-^ is given by (|1H|) with E = 0, and 

z?-V) - -™(ff E E E fli 



4, 

/i£{±l} n /i'e{±l} n ™ez \j=l 
- - 0<m<\a\ 



sign(a) / ^— «, oa . . 

—- j-pr exp 2m > nj— urn, 

hym_j_(mjbym_|_(m — \a\ ) I z — ' ay J J 



xRes 



2=0 



3=1 

( exp [2-7rirsign(a))(m — \a\)z] 
\ sin n+a '»- 2 (7rz) 



w/iere a = o(/i, //,n') = £" =1 ^J 1 + IF E"=i 77J- Moreover, if YTj=i ^ < n + a e g - 2 we have 
that Z(X;r) = Z po i ar (X;r) /or all levels r, where Z po \ av {X;r) is given by (|iT)|) with E = 0. 
Finally, in all cases there exists a positive number r(a,f3) such that 

Z(X; r) = Z po i ar (X; r) + rZ spec (X; r) 

for all r > r(a, (3), where Z po i ar (X; r) is given by (jl6|) with E = and 

(• \ n / n 

-j ^ 6(i,n') exp(27rirg( Zi y)) ^ ^ 11^ 

' (l,n')eZ$ M'e{±i}« f6{±i}" y=i 



x exp 
where 

/0;m) 



27ri y^Uj— fijiij I Res 2=0 < 



/(*;m) 



sm 



n+a t g— 2 



M 1 ' 



/' sin (~ fe"=i 777) "- • • " ' '' (: "• 



In particular, Z spec (X; r) = /or all r > r(a, (3) if Y^=i 77" < n + a eS r ~~ 2. 

Let us look at the special case n = 0, i.e. X is given by the Seifert invariants (e; g | 0) or 
non-normalized Seifert invariants {e; g |}. As stated above this case is treated as the case n = 1 
with (qi,/3i) = (1,0). If a e g > 4 we get from the above theorem that 

Z(X- r) = Z polar (X; r) = -^rRes 2=0 . J__ 2 , 1 . . (51) 

[ sir' 9 \kz) ) 

If a e <? = 2 we have X = (o; 1 | 0) or X = (n; 2 | 0). For this case we use that r(a,/3) in 
Theorem 14.41 can be put equal to 2 since n = 1. Thus we get for all levels r that 

Z(X) r) = Z po i ar (A"; r) + rZ spcc (X; r). 

Here Z po i ar (X;r) is given by l|51|). i.e. Z po i ar (X;r) = — 7rrRes 2= o(cot(7rr,2)) = —1. Moreover 
Z spec (X; r) = 1 so Z po i ar (X; r) = r — 1. Note that this infact follows directly from Finally, 
if a e g = 0, i.e. e = o and g = 0, then J = 5 2 x 5 1 . 
By the above theorems we see that 

N 

-1/2 



Z{X-r) 



jel i=i 



+ o{r~ N / 2 ) (52) 
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for every N > Iq in the limit r — > oo, where /o is some fixed integer (depending on X), and 
T = Ti II T2 if 7^ and Z = Z2 if = 0. By Proposition 14.31 the term Z po \ aiV {X;r) has a 
structure like ()3U|) , In Theorem 14, II we have separated the 'exact part' Z po i ar (X;r) from a part 
Zint(X;r), which is only given an asymptotic description. However, one should note that in the 
expression (|52[) there are contributions to the terms with j £ 2^ coming both from Z po \ ebr {X; r) 
and Z int (X;r). 

If we work with non-normalized Seifert invariants, the different quantities involved in the 
above Theorems 14. II and 14.41 potentially depends on the actual choice of invariants. The precise 
situation is described in the following proposition, where we remind the reader that for the large 
Seifert manifolds the Seifert invariants in fact classify the Seifert manifolds up to an orientation 
preserving homeomorphism. Thus all quantities independent of the choice of non-normalized 
Seifert invariants are topological invariants for these large Seifert manifolds. Moreover, these 
topological invariants can then be calculated using any set of non-normalized Seifert invariants 
for a given large Seifert manifold. 

Proposition 4.5. We have 

Z{X; r) = Z polav (X; r) + Z- mt (X; r) 

where Z po i SbT (X ; r) and Z{ nt (X;r) are as in Theorem 14 . 1 1 i f E 7^ and Z- m t(X;r) = if E = 0. 
In both cases 

Z poUr {X;r) = exp(27rirg ( , >n0 )Qf' a, )(r) 

{l,n')eT 2 

where qn in ') is given by (jlHjl and the Q^ l, -\r) are Laurent polynomials in r. The expressions 
Z po \a,r{X;r) and Z\ n t{X;r) do not depend on the choice of non-normalized Seifert invariants for 
X. More specifically, let A = {e; g; (cex, . . . , (a n , /3 n )} and A = {e;g; (ax, fa), . . . , (<%,/%)} 
be two sets of non-normalized Seifert invariants for X, let T\ and I2 be the index sets related to 
A given by (|42l) and (|4cSj) respectively and let X\ and I2 be the corresponding index sets related 
to A. Then we have a one-one correspondence between Ij andlj for j = 1,2, and under these 
correspondences the functions q in and (flUj) are preserved. Moreover, the large r asymptotic 
expansion of Z[ nt (X;r), i.e. the coefficients in (|49|) and (|5U|) are preserved. Finally the Laurent 
polynomials Q^'—\r) are preserved if E 7^ or E = and Y^j=x < n + a t9 ~ 2- 

Proof. The proof is simply a matter of routine checks. We first consider the case E = 
— ~Y^j=i 7^ 0- Let us write a tilde on each quantity or set relating to A. Thus we write S 
instead of S etc. Let us first assume that A is obtained from A by adding a trivial (a, /3)-pair 
(1,0). Thus h = n + 1 and (aj,{3j) = (ctj,{3j) for j = 1,2,... ,n and (a n +i> $n+l) = (1>0)- 
We then have S = S x {0} and z s t(m, (n, 0)) = z s t(m,n) for all (m, n) £Zx5. Thus we also 
have X\ = T\ X {0}. We let (pj,aj) = (pj, af) for j = 1, 2, . . . , n and put (p n +i, &n+i) = (0, 1) 
and find that qim^nfl)) = 9(m,n) f° r an £ 2~L- For (m,n) G T\ and k = 0,1,2,... it 

follows immediately from (J49|) that c^ m ^-' ^ = c^ l, ~\ Next, let us look at the set I2 and the 
related quantities. We have M = M x Z and then Z2 = T2 x {0}. Thus we also have that 
1| = Jf x {0}. For (l,n') G 1 2 we immediately get that <Z(j,(n',o)) = q(i,n>), ^(/,(n',o)) = b (i,n>) 
and zj} (r) = Zu~\r), v = 0, 1. Finally, let us check that the coefficients in (fSTil) stay 
unchanged. First assume that n is even. Then k$ = 0, n + 1 is odd and A^o = 1 so fci = 
(k - {n + l)-a e g + 2)/2 = k\. If A; € {h, fa + 1, . . .}, then k' = 2k + (n + 1) + a £ g - 2 = fc' + l. 
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We note that f(z;l,(n',Q),(fj,',fj,' n+1 )) = —Trzf(z;l,n',fj,'), and that 

df +1 V(^,nV) = ik' + 1) dPf(z;l,nf,^) 

— z=0 — 2=0 

This shows that c^— = c9'~\ Next assume that n is odd. Then ko = 1, n + 1 is even and 

&o = 0, so k\ = k\ — 1. Like before we find that = c^'~ ' for G fci + 1, . . .}. Finally 

~(l,(n',0) = Q gince J (Q . ^ Q)j ( ^/ ) = . 

Next, consider the case where h = n, otj = ctj and /5L- = /3j + Kjctj for some integers ifj with 
X)y=i = 0- Let j5j = pj and cr j = <jj + Kjpj, j = 1,2, ... ,n. We immediately get that S = S 
and that z s t(m,n) = z s t(m,n) and q(m,n) = Q( m ,n) f° r ( m >Ii) £ Z x 5. Moreover, Xi = Xi and 
the coefficients in (|49|) are unchanged. Next let us consider X2 and the quantities related to that 
index set. First note that (0, n') G X2 if and only if (0,n') G X2 and that all quantities related 
to such a point (0,n') are the same w.r.t. the two sets of non-normalized Seifert invariants A 
and A. Let us next consider a point (l,n') G X2. Thus n'j G Z + if ay or ifj is even and 
n'j G Z + ^/3j + I if both ay and are odd. But if ay is odd then ay/2 G ^ + Z so in all 
cases there is a one-one correspondence between the set of points (l,n') G I2 with I = 1 and 
the set of points (l,n') G I2 with I = 1. A correspondence is given as follows: For (l,?/) G X2, 
let = n'j + ^KjCtj (mod ay) such that < < aj and let = n" if < n" < ctj/2 and 
n'j = —n'j + aj otherwise. Then (l,n') G X2. To see that qtifi) = ^(l.n') we observe that the 
q- function in (|4fl|) only depends on nl- (mod aj) and is unchanged when changing the sign of n'j. 
Moreover, 

Bt (n'j + ±Kja^ -(aj + P jKj)({3j + ajKj) = ±Kj (mod Z). 

We have = (— l)^' =1 ' Kj ' ft '&(i,n') since n'j/aj G ^Z if and only if n'j/aj G |Z. Assume that 

Y^j=i ~ J BT~ e ^ an d let /ij = n'j if < n'j < aj/2 and jx'j = —fj,'j otherwise, where n" is as above. 
Then 

t^-t^ + htto <™ dZ >- 

i=i 5 j=i J j 
But ijiC,- - \n'jKj G Z so § X)" M^j e Z. We also have 

These observations show that c^ 1 '"^ = c^'~^ in (|5(J[). Finally, let us notice that 

W) (^'- } (r) + = W) {4^'\r) + ^(r]" 

The easiest way to see this is to refer to the actual calculation of Z po i ar (X; r). Thus, for I G Z let 
J/ be the set in (jllfij) and let J/ be the corresponding set w.r.t. A. Then J[ = J[ for each even I 
and for I odd the map n' 1— > n' described above gives a bijection from Jjf to jj . Moreover, if Z z (5, ry) 
is given by Q117JI and Z l (5,n) is the corresponding function w.r.t. A then Z l (5,n) = Z l (S,n) 
proving the claim. Note that we do not necessarily have br^nZ^^ (r) = b^ n ^Z^ & \r) for 
1/ = 0, 1. 

Let us next assume that £7 = 0. Exactly as above we get that there is a one-one correspondence 
between X2 and X2 and under this correspondence the function q in (|4()jl is preserved. Moreover, 
we know that Z(X; r) is independent of the choice of non-normalized Seifert invariants. Assume 
Sj=i ~t~ < n + °e5' — ^- Note that this condition is independent of the choice of non-normalized 
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Seifert invariants. In this case we have Z(X;r) = Z po i ar (X;r), where Z po \ ar (X;r) is given by 
PI) with E = 0. Thus in this case we get that Q^(r) = (z£'-\r) + zf '^(r)) is 

independent of the choice of non- normalized Seifert invariants exactly as in the case E = 0. □ 

In case E = it follows from Theorem 14.41 that the large r asymptotics of Z(X; r) is given by 
■Zpoiar(^; r ) i n Q46JI (with £ = 0) except for the special cases Y^j=i ~k~ — n + a ^9 ~ 2, where we 
also have the extra term Z spec (X; r). 

Let us determine which of the Seifert manifolds with E = that satisfy the condition 
~Y^j=i 77~ — n + a<L 9 ~ 2- ^ s n °t e d above the condition is independent of the choice of non- 
normalized Seifert invariants if we work with such invariants. We can therefore safely restrict to 
consider (normalized) Seifert invariants. This also allows us to keep track of the types of Seifert 
hbrations. Therefore, let X = (e;g \ b; (ai,/3i), . . . , (a n ,/3 n )). Recall that < (3j < aj so aj > 2 
for all j = 1, ... , n. Thus X^j=i ~k~ — § so Sj=i Tjr — n + a e9 ~ 2 implies that 2 — a e g > ^, and 
this is only satisfied in the cases g = 0, e = o, n G {0, 1, 2, 3, 4} and g = 1, e = o, n = and g = 2, 
e = n, n = (recall that we only consider even genus for e = n). In the last two cases the Seifert 
Euler number E = —b, so since this number is zero we have X = (o; 1| 0) = T 2 x S 1 (the 3-torus) 
or X = (n;2| 0), both being small Seifert manifolds. In case e = o, g = 0, and n £ {0, 1,2}, 
X is a lens space L(p,q), see |Orl Sect. 5.4 (i) pp. 99-100]. We find in all these cases that the 
Seifert Euler number E = if and only if p = 0, hence X = S 2 x S 1 if E = 0. The remaining 
cases to consider are e = o, g = and n G {3, 4}. Let us first consider the easy case n = 4. Here 
the ay's have to satisfy $3j=i ^- > 2, hence we have aj = 2 for all j E {1,2,3,4}. In this case 

£ = -b - 4± = -6 - 2, so 6 = -2 when £ = 0. Thus X = (o;0 | - 2; (2, 1), (2, 1), (2, 1), (2, 1)). 
This is the small Seifert manifold considered in |Orl Sec. 5.4 (hi) p. 101]. In fact, this manifold 
is homeomorphic by an orientation preserving homeomorphism to the Seifert manifold (n; 2| 0), 
cf. |.TN| Theorem 5.1]. Let us finally consider the case e = o, g = 0, n = 3. Here we search for 
solutions to Y^_i > 1. The subset of these satisfying the strict inequality Y^-i ^~ > 1 are 

'J OLj — J Otj 

the small Seifert manifolds considered in ^QrJ Sec. 5.4 (ii) pp. 100-101]. By a direct inspection 
one finds that none of these manifolds have Seifert Euler number E = 0. Finally we consider 
the manifolds with Y^j=i = 1- The only solutions to this equation with a\ < ct2 < 03 are 
(2,3,6), (2,4,4) and (3,3,3). A direct inspection reveals that we have the following possibilities 
with E = 0: 



Xi 


= (o;0| 


-i;(2,i) 


,(3,1) 


(6,1)), 




X 2 


= (o;0| 


- 2; (2, 1) 


,(3,2) 


(6,5)) = 


-X 1 


^3 


= (o;0| 


-i;(2,i) 


, (4, 1) 


(4,1)), 




x 4 


= (o;0| 


-2; (2,1) 


, (4, 3) 


(4,3)) = 


-X 3 


x 5 


= (o;0| 


-i;(3,l) 


,(3,1) 


(3,1)), 




x 6 


= (o;0| 


-2; (3, 2) 


,(3,2) 


(3,2)) = 


-x 5 



where, as usual, —X means X with the opposite orientation. Thus the Seifert fibrations with 
Y^j=i ^7" — n + a t9 ~ 2, a e9 even and E = are the small Seifert manifolds S 2 x S 1 , (o; 1 | 0) = 
T 2 x S 1 , (n;2 | 0) (o;0 | - 2; (2, 1), (2, 1), (2, 1), (2, 1)) and the six 3-fibered large Seifert 
manifolds Xj, j = 1, . . . , 6. 

We saw above that all but 9 of the Seifert fibrations satisfying X]?=i 77" — n ~\-o, e g — 2, a e g even 
and E = are topologically the space S 2 x S . There is an infinite number of such fibrations 
for S 2 x S 1 . If X = (o;0 | b, (ai,/3i), (a 2 ,(3 2 )), then E = -b - fa/ax - fh/a 2 = if and only 
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if b = — 1, a\ = CK2 and = «i — Thus (o; | 0) and (o; | — 1; (a, /3), (a, a — /?)), a > 2, 
give the possible Seifert fibrations for S 2 x 5 1 . (Note that there are no (o; | b;(a, (5)) with 
E = —b—(3/a = and < j3 < a.) For all the Seifert fibrations satisfying X/?=i — n +o, e g — 2, 
a e 5 even and = the term Z spec (X; r) ^ 0. 

4.1. The moduli space of flat SU(2) connections on Seifert manifolds. It follows from 
the results in the previous section that the proof of Theorem II .41 it finalized once we have shown 
that the values of the g-functions defined in ()39j) and (|4U|) are in fact the Chern-Simons values 
of the flat SU(2)-connections on X. This is done by a simple comparison between the values of 
the ^-functions and the values of the Chern-Simons functional of flat SU(2)-connections on the 
Seifert manifolds calculated by D. Auckly, cf. |Aulj . 

Let X be a Seifert manifold given by the Seifert invariants (e;g \ b; (a\,Pi), . . . , (a n , f3 n )) or 
the non-normalized Seifert invariants {e; g; (a%, f3\), . . . , (a n , (3 n )}- Let (3$ be as in the previous 
section and let Mx denote the moduli space of flat SU(2)-connections on X. There is a classical 
identification 

M x = Hom(7ri(X),SU(2))/SU(2), 

where /SU(2) means moduli conjugation. Let us recall Auckly's results. Assume first that e = o 
(so g > 0). It is well-known that 

9 

7ri(X) = (h,qi, . . . ,q n ,ai,bi, ...,a g ,b g \ q k k h^ k = 1, h~ Po qi . . . q n JJi^i, h] = 1, 

[aj,h] = [bj,h] = [q k ,h] = 1, j = 1, 2, . . . , g, k = 1, 2, . . . , n ), 

cf. fA"uT| . [JNl Theorem 6.1]. Let gi,...,g n G SU(2), n G Z n and e G {0, 1/2}. Then Auckly 
defines representations 

uj = Lj(s,n)[gi, ...,g n ]: tq(X) -> SU(2) 

in the following way, cf. |Au2l Definition p. 56], |Aull Definition p. 231]. Let uj be the homo- 
morphism from the free group generated by h,q± ... ,q n ,a±,bi, ... , a g _i, b g ~\ to SU(2) given by 
u{h) = e 2m£ , uj(aj) = uj(bj) = 1, j = 1, . . . ,g - 1, and uj(q k ) = g k exp (2vrz(n fc - e(5 k ) /a k ) g^ 1 , 
k = 1, . . . , n, where we identify SU(2) by the unit quaternions Sp 1 in the usual way. Let 

a + jb = u(q- 1 ...q^ 1 h f3 °), a, 6 G C. 

If a = 1 (so b = 0) we let x = y = 1. If not we let x G S 1 be a square root of a ^2Rc(a)-~\b\^ anc ^ 

y = r(J-i) + -?' r ' wnere r G [-!> 1] satisfies r 2 = 1 - 2 _^ e(a) (noting that 1 - 2 _ 2 R e(a) > 0). We 
then define uj by letting uj{^) = £(7), 7 G {h, qx, . . . , q n , a±, bi, . . . , a g _i, b g -i}, and by letting 
uj(a g ) = x and oj(b g ) = y. (Thus, in case a / 1, there are four possible choices of uj corresponding 
to the two possible choices of each of x and y. All four choices are needed in Proposition 14.61 ) 
If g > 1 then uj extends to a SU(2) representation of 717 (X). If g = then uj extends to a 
representation ni(X) — > SU(2) if and only if 

e- 2 * JJ exp (2ni ^ Uj ~ £ ^ ) 57 1 = 1- (53) 

Above we can of course restrict to n G S. If the Seifert Euler number E = — /?o — Y^l=i 77" 7^ 
then we define a representation 

p = p{m,n) :tti(X) -> SU(2) 
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for each integer m and each n G S by letting p(a,j) = p(bj) = 1, j = 1, . . . ,g, and by putting 
p(h) = exp I —2Tri— 




p(qj) = exp [ 2iri 

■ -Xj HI ULj 

Note that the image of p is contained in C n Sp x = U(l) = S , so p is reducible. We have 

Proposition 4.6 f |Au2l Lemma p. 57]). Let the situation be as above. If E = then any 
element of M.x is in the same path component as one of the conjugacy classes of the to 's. If 
E ^ then any element of Aix is in the same path component as one of the conjugacy classes 
of the oj 's and p 's. □ 

If I G {0, 1}, tl_ G Z n + lip and gi,...,g n G SU(2) then we let e = 1/2 and nj = n'j + ej3j 

and let u/(7,n')bi, ... ,g n ]be equal to w(e,re)[pi, • • • ,5n]- We note tnat -™')bii> • • • >9nj] = 
to'(l,n/)[gi, . . . , g n ] thus we can restrict to (l,n') G Xg. 

Next we consider the Seifert manifolds with non-orientable base. Therefore, let X be as above 
with e = n (so g > 0). We have 

iTi(X) = (h,q 1 ,...,q n ,ax,.-.,a g \ q^ h hP h = 1, h~ Po q 1 ...q n JJa, 2 = 1, 

i=l 

aj x ha,jh = [qk,h] = 1, j = 1,2, ... ,5, fc = 1, 2, . . . , n ), 

cf. HEE], CHI Theorem 6.1]. Let gi,...,g n G SU(2), n £ Z n and e G {0, 1/2}. Then Auckly 
defines representations 

v = v{e,n) [gi , . . . , g n ] : m (X) SU(2) 
in the following way, cf. |Au2l Definition p. 56], |Aull Definition p. 231]. First let v be the 
homomorphism from the free group generated by h, qi . . . , q n , Oi, . . . , a g _i to SU(2) given by 
v(h) = exp(27rie), D(q k ) = g k exp (2m(n k - e(3 k )/a k ) g k 1 , and v{dj) = 1, j = l,...,g- 1, 
k = 1, . . . , n. We then define v by letting 1/(7) = £(7), 7 G {h, qi, . . . , q n , ai, . . . , a 9 -i}, and 
by putting z^(a fl ) = sqr (^(g" 1 . . . g^ 1 /!^ )) , where sqr(x) is any element of SU(2) such that 
(sqr(x)) 2 = x, x G SU(2). (We know that such an element exists because there is an element 
z G SU(2) such that zxz~ l G S . Therefore we have an element y G S* 1 such that y 2 = zxz^ 1 . 
But then (z~ 1 yz) 2 = x.) This defines a representation v : tti(X) — > SU(2). (We will see below, 
that the Chern-Simons value of [v] G Mx is independent of the choice of this square root, so 
therefore we don't specify this choice here.) As in the oriented base case we can parametrize 
slightly differently by letting v'(l,n')[gi, ■ ■■ ,9n] be equal to v(£,n)\g\, ... ,g n ] for each I G {0, 1} 
and n' £ Z" + ^1/3 with e = 1/2 and n = nf + e(3. Also here we can restrict to (Z,n') G T%. 

If the Euler number E = — (3q — X^j=i 7^ then we define a representation 

a = a(m,n) : tt^X) -> SU(2) 
for each integer m and each n G S by letting cr(aj) = j, i = 1, . . . , g, and by putting 

*(h) = exp(-2riI^|+m + |;^JJ, 
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We then have 

Proposition 4.7 ( |Au2| Lemma p. 62]). Let the situation be as above. If E = then any 
element of M.x is in the same path component as one of the conjugacy classes of the v 's. If 
E ^ then any element of Aix is in the same path component as one of the conjugacy classes 
of the v 's and a 's. □ 

Using |KKll Theorem 4.2] Auckly proved the following result, where CS denotes the Chern- 
Simons functional defined in (J2J) (with G = SU(2)). 

Theorem 4.8 ( |Aul| pp. 232-234], |Au2| pp. 63-70]). Let the situation be as above. Let 7 be a 
SU (2) -representation of tti(X) equal to uj(e,n)\gi, . . . ,g n ] or u(e,ri)[gi, . . . ,g n ]. Thinking of the 
conjugacy class [7] as a gauge equivalence class of flat connections we have 

CS([ 7 ]) = -ec -e 2 E-Y,( 3 ~ ) (mod Z), 



r- 



where the pj 's are as before and c = if e = o and c = g if e = n. Next assume that E 7^ and 
let 7 be a SU '(2) -representation 0/711 (X) equal to p(m,n) or a(m,n). Thinking of the conjugacy 
class [7] as a gauge equivalence class of flat connections we have 

CS([ 7 ]) = 




(mod Z), 

where c and pj are as before. □ 

Actually Auckly works with (normalized) Seifert invariants all over. To see that all the 
above results holds when working with non-normalized Seifert invarints simply note that all the 
calculations of Auckly stay unchanged with the exception that one should put b = all over in 
Auckly's calculations as indicated above. It is instructive to give a more direct argument for 
Theorem l4.8l First simply note that since this theorem is true for (normalized) Seifert invariants 
it is also true for the non-normalized Seifert invariants {e; g \ (a±, (3\), . . . , (a n ,(3 n ), (1, b) }, with 
< Pj < aj, j = 1, 2, . . . , re, since n n+ \ has to be zero. Secondly, we note that two sets of non- 
normalized Seifert invariants for the same Seifert fibration give the same set of Chern-Simons 
values. Of course this has to be the case since isomorphic Seifert fibrations are homeomorphic. 
However, it is in fact also easy to see directly from the formulas in Theorem 14.81 Thus adding or 
deleating an (a,/3)— pair (1,0) preserves the set of Chern-Simons invariants since if the jth pair 
is such a pair then rij has to be zero. Secondly, if we change [a.j,Pj) to (ctj,Pj + Kjdj) with 
Y^j=i Kj = 0) then we can keep the pj's unchanged and thus the set of Chern-Simons invariants 
don't change. 

The above Theorem 14.81 actually corrects a small error in Auckly's result. Thus the term 
— ec is missing in the formula for CS(v(e,n)[gi, . . . , g n ]) given in |Aulj . |Au2j . Let us give a 
short account for why this extra term has to be included, following Auckly's proof most of 
the way. As mentioned above Auckly bases his proof of Theorem 14.81 on a result of Kirk and 
Klassen, namely [KK1J Theorem 4.2]. Let us work with normalized invariants. Thus assume 
X = (n; g \ b; (ai , /?i), . . . , (a n , P n )) and let Xj be the space obtained from X by cutting out the 
interior of a tubular neighborhood of the jth exceptional fiber, j = 1, . . . , re, and let Xq be the 
space obtained from X by cutting out the interior of a tubular neighborhood of a regular fiber. 
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Thus 



Ki{Xj) = (h, qi ,...,q n ,ai,...,a g \h b qx...q n J[a% = 1, q k 

i=i 

a^ha m h = [q k , h) = 1, m = 1, 2, . . . , g, k = 1, 2, . . . , n 



i, M j, 



and 



7Tl(X 



(ft,gi, . . . ,q n ,ax, . . . ,a g \ q k 



<*k h fS k 



[qk,h] = 1, k = 1,2, .. . ,n, 



a^hdmh 



1, m = 1,2, . . . ,5, 



Let Oj G Z such that OjCT.,- — PjPj = 1 as usual. We note that pj = q^hPi and Xj = q^N 7 ^ are 
respectively a meridian and a longitude for the torus neighborhood in X around the jth excep- 
tional fiber. Moreover, po = (h~ b qi . . . q n nf =i a |) an d Aq = ft are a meridian and longitude 
respectively for the torus neighborhood in X around a regular fiber. Let v = z/(e,n)[gi, . . . ,g n ] 
and let us define curves Uj = Vj(e,n)[gi, ■ ■ ■ ,g n ] '■ [0,1] — > Hom(7Ti(./V ? -), SU(2)) by Vj{t)(x) = u(x) 
h, x = a±, . . . , a g -\ and x = gi, . . . , gj_i (a curve being a continuous curve 



for £ G [0, 1] and x 

here and in the following). Moreover, we let Uj(t)(qi) = gi exp ( — 2nie^- ) g^ L for i = j + 1, . . . , n 



■ njt-ePj 



and Vj{t)(qj) = gj exp ^27ri 

choose curves hj : [0, 1] 
curves ifj : [0, 1] — > 
^ + i(0)(x) for j = 1,2, n and x 
choose the /ij and ^ such that /ij(l) 



g>- . Finally we define Vj{t){A g ) in the following way: First 
SU(2) such that hj{t)~ 1 Vj{t){q~ l . . . q± 1 h b )hj(t) G S 1 and choose 



h,q 1 ,...,q n ,a 1 ,...,a g -x, where ^„+i(0) 



such that hjity^jit)^- 1 ...q^ l h b )hj(t) = e^iW, Since i/,-(l)(x) 



/i j+ i(0) and ^(1) = ¥5j+i(0), j = 1, 



,n 



z/, we can 
1 and such 



SU(2) given by «j-(t) = hj^e^^hjit)' 1 
rfl-l „2 NN " J 



and such that Uj(l) = Uj+i(0), 



that /i n (l)e^"( 1 )/i n (l)- 1 = 1/(09). Thus Uj : [0,1] 

define curves such that Uj(t) 2 = ysj(t) (hT b qi ■ ■ ■ q n Y\k=i 

j = l,...,n — 1 and u n (l) = v{a g ). We let Uj(t)(a g ) = Uj(t). Thus Vj{l) = Vj + i(0) and 
v n (l) = v. Also we note that i/j(0) = u(e,ni, . . . ,7ij_i,0, . . . ,0)[<?i, . . . ,g n ] so Uj(0) and Uj(l 
both extend to SU(2)-representations of n\(X). We note that Vj{t)(pj) = g^e 

i/,-(i)(A 3 -) = gje 
we thus find that 



2wiaj (t) 



9i 



and 



2?ri&j (t) 



g- 1 , where Oj(t) = rijt and 6j (t) = (pjUjt + e)/otj. By |KK1[ Theorem 4.2] 



CS(i/) -CS(i/i(0)) 



- 2 E 

j'=i 



bj{t)a'At)dt 



"■ p j n 2 j + 2n j s 



E 



(mod Z) 



To calculate CS(i/i(0)) we construct a curve 7 : [0,1] — > Hom(7Ti(Xo), SU(2)) from the trivial 
representation to z/i(0) and apply KKfl Theorem 4.2] once more. To be specific we let 



7 (t)(h) 



1 



7rie(4t— 1) 



,t€ [0,1/4], 
,t€ [1/4,3/4], 
,t€ [3/4, 1] 



and 



/»j(4t-3)e 



-27T«£- 



"/ij(4t-3)- 



,*€ [0,1/4], 
,t€ [1/4,3/4], 
,t€ [3/4,1] 
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for j = 1, . . . , n, where hj : [0, 1] — * SU(2) is a curve from 1 to gj. Moreover we let 

( Ul {At) ,te [0,1/4], 
7(*)(ofc) = { J ,tE [1/4,3/4], 

{ Ul (4-4t) ,iE [3/4,1] 

for k = 1, . . . , g — 1, where Ui : [0, 1] — ► SU(2) is a curve from 1 to j. Finally we let 

f ui{4£) ,t€ [0,1/4], 
7(*)K) = < J ,tE [1/4,3/4], 

[ «2(4t-3) ,t€ [3/4,1], 

where ^2 : [0,1] — ► SU(2) is a curve from j to z/i(0)(o 9 ). Thus 7 indeed defines a curve in 
Hom(7Ti(Xo), SU(2)) from the trivial representation to ^i(0). We recall that Aq = h and thus 
have that 7(£)(A ) = e 27rib ^ , where 

f ,te [0,1/4], 

6(t)= { §(4t-l) ,iE [1/4,3/4], 
[ e ,t€ [3/4,1]. 

Choose piecewise smooth curves g : [0,1] — > SU(2) and a : [0, 1] — ► R such that j(t)(fi ) = 
g{t)- l e 27Tia[t ^g(t). By [KKTI Theorem 4.2] we find that 



CS( 7 (1)) - CS( 7 (0)) = -2 / b(t)a{t)dt (mod Z). 

Here 

,1 ,3/4 
-2 / b(t)a'(t)dt = -4e / ia'(i)di + e (3o(3/4) - a(l/4)) - 2ea(l). 

J0 Jl/4 

For i € [1/4,3/4] we can choose g(t) = 1 and a(t) = -f - §-E(4i - 1), where E 1 is the Seifert 
Euler number as usual. This gives 



2/ b(t)a'(t)dt = -eg - e 2 E - 2ea(l) 
Jo 



10 

Finally we note that a(l) E Z since 7(1) (/xo) = 1, since 7(1) = ^i(0) extends to a representation 
ofvri(X). 

We note that the Chern-Simons invariants only depend on the genus of the base in the case 
of non-orientable base and that the set of Chern-Simons invariants in that case only depends 
on the parity of the genus. The Chern-Simons value of <j(m,n) for genus g is equal to the 
Chern-Simons value of aim + l,n) for genus g — 21. We can of course replace the u and v above 
by the u/ and v' . 

We are now ready to show that the values of the (/-functions in (jSHJ and (|4()|) are equal to 
the Chern-Simons invariants of the flat SU(2)-connections on the Seifert manifold. In fact we 
find that the values differ by a sign. This sign discrepancy is either due to a general sign error 
in |KKlj or else the AEC is only true if we work with the complex conjugated invariants (which 
are the invariants associated to the mirror category of the modular category induced by the 
representation theory of U q (sl2(C))). A similar phenomenon was observed in jAHj . In any case 
this sign is not serious and is solely related to sign conventions. 

Let X and (3q be as before and let 7 be an equal to u/(Z,n')[<?i, . . . ,g n ] or u'{l, n')[gi, ■ . . ,g n ], 
where (l,n') E I2 and g\, . . . ,g n E SU(2). Let e = 1/2 and n = n' + e(3. We assume that (f53|) is 
satisfied if (e, g) = (o,0) i.e. we assume that 



-7ri/3o£ 



n / n' \ 

n^exp 2tt^ )9j 1 = l (54) 

.7 = 1 V 
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in that case. The number q(i >n ') in (|4U|) is given by 

n n 




PjPj a 3 P,j ~ 2£ J2 ^"J ( mod Z )- 
By using that pj(3j = ajaj - 1 we get YJj=i = E + Y%=i Pj<?j so 

n 

Eajdj — 1 
n 7 - 

+ 2n 7 e 

— (mod Z), 



where we use that 2e X/?=i cr j n .7 ^ ^- We have thus shown that 

q(l,n') = -cs(py]). 

Let us next assume that the Seifert Euler number is nonzero and let 7 be equal to p(m,n) or 
a(m,n). Then 



m + - + > — 



(mod Z), 



where c is the number of cross caps in the base of X. If c is even we see that 

CS ([7]) = -<7(m',n), 

where m! = — m — | and <?(m',n) is given by (|3*9")) . 

There is a small appropriate remark to make here. Namely, in our asymptotic formula in 

Theorem 14.11 only the values q( m ^ n ) for which z s t(m,n) G]0, 1[ are present. By the symmetry 

considerations above Corollarv 15 . 1 51 we indeed have that the image of the g-function in 1|39|) is 

given by the values (?( TOi2 ) for which z st (m, n) G [0, 1]. If z st (m,n) = I G {0, 1}, put n'- = nj + ^Pjl 

~ n '- 

for all j and get that X^=i ^~ = m ^ ^- Thus (Z,n') G X^. Moreover, (/( m)n ) in (|3*9")l is equal to 

9(i,n') m (HO]). 

4.2. The genus case. In the case where the base is S 2 it follows from the previous section 
that not all values qn >n i\, (l,n') G X2, in l)40j) have to be Chern-Simons values. Namely, the point 
(l,n') corresponds to a representation if and only if there exists gi,. . . ,g n G SU(2) such that 
(|5*4"|) is satisfied. Of course it could happen that q^y) is still equal to a Chern-Simons value 
for a point (l,n') G X2 that does not satisfy (|54j) but there are certainly cases where this is not 
the case. To give an example consider the manifold M_\ obtained by surgery on the 3-sphere 
along the figure 8 knot with framing —1. This manifold is equal to the Seifert manifold (o; | — 
1; (2, 1), (3, 1), (7, 1)). It is easy to see that X\ is empty in this case. One finds that X| = {(I = 
Q,Bl = 0)} and that T\ contains 15 points (l,n') with I = and 8 points (l,n') with I = 1. How- 
ever, only the single point in Xf and two points (l,n') G {(1,(1/2,1/2,3/2)), (1,(1/2,1/2,5/2))} 
in X\ correspond to SU(2)-representations of 7Ti(M_i), namely they are the only three points 
in X2 satisfying (|57j) below. The point in X2 corresponds to the trivial connection and has 
Chern-Simons invariant 0. For the two points in X\ corresponding to connections we find 
9(1,(1/2,1/2,3/2)) = 121/168 (mod Z) and <?(i, (1/2, 1/2,5/2)) = 25/168 (mod Z). The other 21 points 
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111I2 have the following 21 different values for qa y n') ( au ( m od Z)): 1/2,2/3,1/6,3/7,5/7,6/7,5/8, 
3/14,5/14,13/14,2/21,8/21,11/21,7/24,1/42,25/42,37/42,3/56, 19/56,27/56,1/168, none of which 
are equal to one of our three Chern-Simons invariants. 

Thus, to finalize the proof of the AEC for the Seifert manifolds X with base S 2 we have to 
prove that the terms in our large r asymptotic formulas for T r (X) in Theorems 14.11 and 14.41 
corresponding to points (l,n?) G I2 such that qn t n') is not a Chern-Simons value, are zero. In 

the genus zero case the Laurent polynomial Zq'~ ^ (r) is always zero so left is to prove that 

z[ l '~ \r) =0 and that the coefficients Jb~ ^ in Q5U|) are zero for such a 'non-contributing' point 

(Z,n')eJ 2 . 

Since je ld j~ l = e~ ld we have that there for all (l,n') G Zr? exists gi,...,g n G SU(2) such 
that is satisfied. Thus the part Z- m t(X;r) in Theorem 14. II and also the part Z spec (X;r) in 
Theorem 14 . 41 have an asymptotic expansion in accordance with the AEC, so the AEC will follow 
if we can prove the following 

Conjecture 4.9. Let X be a Seifert manifold with base S 2 and let (l,n') G X| be a point such 
that there do not exist g%, . . . , g n G SU(2) such that (|54|) is satisfied. Then z[ l, ~\r) = 0. 

Let us prove this conjecture for the cases with 3 or less exceptional fibers. 

Theorem 4.10. The AEC is true for G = SU(2) and X any Seifert 3-manifold with base S 2 
and n < 3 exceptional fibers. 

Proof. The case n < 2 are the lens spaces (considering S 2 x S 1 a lens space) and for that case 

the AEC immediately follows from our formulas since Z[ l '-\r) = for all (Z,n') G T 2 in that 
case (since we calculate the residue of an entire function). (As mentioned in the introduction 
Jeffrey has already proved that the AEC holds for the lens spaces.) 

Let us next look at the case n = 3. Let us work with non-normalized Seifert invariants so 
let X = {o; I {a\,j3i), (02, $2), (o3,f3s)}. Let us first determine which of the pairs (l,n/) G T\ 
that corresponds to a SU(2)-representation of iri(X). Any element q G SU(2) = Sp 1 can be 
written q = r + ai + bj + ck, where r, a, b, c G M with r 2 + a 2 + b 2 + c 2 = 1. The number 
r is called the real part of q and any two elements of SU(2) are conjugate if and only if they 
have the same real part. Thus the conjugacy class of any q G SU(2) \ {±1} is topologically 
a 2-sphere. Now, for any element q G SU(2) we write q = cos(#) + sin(#)(ai + bj + ck) for a 
unique 8 G [0,7r] and a, b, c G M with a 2 + b 2 + c 2 = 1. (If q = ±1, then of course sin(6*) = 
and a,b,c are redundant.) Recall here that any element q G SU(2) is conjugate to an element 
of S 1 = {x + yi I x,y G R, x 2 + y 2 = 1 } C SU(2). Thus, q = ge ie g~ x for a g G SU(2), 9 as 
above. Let Sg be the conjugacy class consisting of the elements of SU(2) with real part cos(#), 
9 G [0,tt]. 

Let us find all possible (^1,6*2,^3) G [0, 7r] 3 such that 

1 = 1 (55) 

for some gi,g2,93 £ SU(2). By conjugation we can assume that 51 = 1 and the above equation 
then becomes 

e^ge^g- 1 = he^h' 1 

for some g, h G SU(2), that is, we search for triples (6*1, 6*2, ^3) G [0, vr] 3 such that there exists 
a u G S0 2 with e j6,1 u G Sgg, i.e. such that the real part of e t9l u is cos(#3). Writing u = 
cos(6*2) +s'm(92)(ai+bj +ck) we find that the real part of e t01 u is cos(#i) cos(#2) — a sin(#i) sin(#2)- 
If #2 = then 9s = 9\. If 62 = n, then 9 3 = ir — 9\. In the other cases Sg 2 is a 2-sphere and 
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a runs through [—1,1] when u runs through Sg. Thus we get that (|55[) is satisfied for some 
91,92,93 G SU(2) if and only if 

|6>! - 2 | < 6> 3 < min{6»i + 6> 2 , 2vr - 6>i - 2 }. (56) 

Note that the special cases 02 G {0,7r} are covered by this condition. Thus to' (l,r^)[gi, g2, 93] is 
a SU(2)-representation of tti(X) if and only if (l,rjf) G I2 satisfies the condition 

(57) 

The points (l,nf) G 1% are the points satisfying ()57j) with at least one of the two < being an 

equality. We have to prove that if (/, n') G X\ does not satisfy (|57|). then ^(r) = 0. It is not 
hard to see that 





_ 


< — < mm < 


K 


+ — ,1- 




_ 1^2 


OL\ 


Q?2 


a 3 




«2 




«2 



(r) 




for all (l,nf) G Z2, where a(/jf ,nf) 



E 

En 



e n<4 

M.'e{±i}3 j=l 
a(/£',n')>0 

1 



mgZ 

0<m<a(p' ,n') 



Z 



0,n') 



(r) = j ( ri sin (^^7 



Sym_|_(m)Sym_|_(m — a(fj,',n')) 
Now let (Z,n') G Zj. Then 

n<4 



(58) 




E 

mGZ 

0<m<a(/V,n') 



Sym_|_(m) 



The double inequality Q57|) is completely symmetric in n^, n 2 and n' 3 . This should be so since 
we in the above argument have numbered the exceptional fibers aribitrary. To see the symmetry 
directly from (|57|). note that (61,82, 03) satisfies (|56|) if and only if there exist Uj G S^. such that 
U1U2U3 = 1. But this is equivalent to n2U3ti^ 1 = 1 etc. (where of course u^ 1 G Sg^. Thus it is 
enough to consider the case — < — < ^ . Assume this and assume that n' does not satisfy (1571) . 
Since the first inequality in (|57|1 is satisfied we have that the second is not satisfied. Assume 

first that EE , -i > 1 (in which case we have that the right-hand side of 11571) is 1 

and that the second inequality in (jST|) is not satisfied). In this case we have 

/ \ 

3 



3 1 
2 + 2 



V 



E 

M'e{±i} 3 
0<a(u',n')<l 



/ 



By going through all the 8 possibilities for fj! G {±1} 3 one finds that a(//,n') G]0, 1[ if and only 
if // G {(1, 1, -1), (1, -1, 1), (-1, 1, 1)}, thus Zf^\r 
Finally assume that y 3 --, ^ < 1. In that case 



0. 



Al,n') 



(r) 




n 



E 

m's{±i} 3 j=l 
0<a(u',n')<l 



J- 



:-!S 
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We still restrict to the case ^ < < ^| and have then that the second inequality in (|57[) is 
not satisfied if and only if ^| > ^ + Assuming this we find that a(p',n') G]0, 1[ if and only 
if p! G {(1, 1, 1), (1, -1, 1), (-1, 1, 1), (-1, -1, 1)}, so Z^\r) = 0. 



□ 



Let us for completeness also calculate Z\ 



(l,n'). 



2(i' 



for (l,n') 6 X|. Note first that p 3 -^- G 



if and only if n'j G {0,<x,/2} and in these cases z[ l, -\r) = by (jHS|). For // G {±1} 3 , let 
a(p,n') = Yl]=i as above. By assumption there exists a p! € {±1} 3 such that a(p',nf) G 
{0,1}. Assume first that a(//,n') = 1 for a // G {±1} 3 . Then either //• = 1 for j = 1,2,3 or 



there is a j G {1,2,3} with n 1 - = 0. In the last case z[ l '~\r) 
By flHHJ) we get that 



Z^\r) 



j [ JJsinfTrp^ 



0. In both cases V\-_i - 1 
\ 



1. 



1 

1 + 2 



E 11*4 

M'e{±i} 3 j=l 
0<a(y,n')<l 



/ 



By symmetry we can assume that — < — < — as usual. If — = i, then Z\ = 0. If that is 
not the case then a(p' ,rj/) G]0, 1[ if and only if p! G {(1, 1, —1), (1, —1, 1), (—1, 1, 1)} and 

3 x 2n'/ 



Z 



{l,n>) 
1 



(r) 



(59) 



which is also valid in case — i 

Q3 



1 

2' 



Next assume that a(p',nf) = for a // G {±1} 3 . If X)j=i ^~ = 1 we are ™ the above case, so 
assume that V 3 , — < 1. Assume also that — < — < — as always. Then 



(r) 




Sill 



2n' 



e ir 

M'£{±1} 3 i=i 
0<a(/i',n')<l 



In this case we find that a(p',n') G]0, 1[ if and only if p! G {(1, 1, 1), (1, — 1, 1), (— 1, 1, 1)} so 

again we find that z[ l '—\r) is given by (|59j) . Thus we have proved that z[ l '—\r) is given by 
(jSnj) for all (l,n') G Zf- 

To prove the AEC for Seifert manifolds with base 5 2 and n > 4 exceptional fibers, one 
can proceed as in the above proof, but the combinatorics is of course harder. For a given 
(#1, ... , n ) G [0, ir] n there exist g\,. . . ,g n G SU(2) such that 



n« 



1 



if and only if there exist Uj G Sg^ , j = 2, 3, . . . , n — 1 such that the real part of e 1 U2 
cos(# n ). Note that the function that maps (112, ■ ■ ■ ,u n -i 
continuous map Sg 2 x . . . Sg n _ 1 — 
to a condition of the form 



-i is 



to the real part of e 1 «2 . . . u n -\ is a 
1,1], so the image is an interval. Thus this analysis leads 

a < 6)3 < b 
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where a, b £ [0, ir] are continuous functions in (6>i, 02, ■ ■ ■ , n -i)- The condition (|5f))) is the special 
case where n = 3. 

Let X be an integral homology sphere with n > 3 exceptional fibers and let 7W p be the 
component in the moduli space of irreducible flat SU(2)-connections on X containing the class 
represented by the connection corresponding to a representation p : tt\{X) — > SU(2). Then 
Fintushel and Stern |FS| have proved that M p is a closed manifold of dimension 2m — 6 if 
p(qj) $l {±1} for exactly m > 3 of the j G {1, 2, . . . , n}. (Note that the only reducible connection 
is the trivial connection in this case.) We also refer to [KK21 regarding results on the components 
of the moduli space of flat SU(2)-connections on a Seifert fibered integral homology sphere. 

4.3. Small Seifert manifolds with base MP 2 . Let X be a Seifert manifold with base MP 2 
and zero or one exceptional fiber. Except for a few cases X is then homeomorphic to a prism 
manifold, i.e. a Seifert manifold of the form (o; | 6; (2, 1), (2, 1), (a, (3)). The few exceptions are 
homeomorphic to lens spaces except (n; | 0) which is homeomorphic to MP 3 #MP 3 , see |.TN| 
Theorem 5.1] and |()rl Sec. 5.4 (vii) p. 102] (there seem to be some small mistakes in |()rj . Thus 
(n; 1 | ± 1) both have cyclic fundamental group, namely Z4, and (n; 1 | 0; (a, 1)} also has cyclic 
fundamental group, namely Z4 Q . All three cases are homeomorphic to lens spaces according 
to |.TN[ Theorem 5.1].) Since MP 3 is homeomorphic to L(2, 1) and since the RT-invariants 
are multiplicative under connected sums and since the AEC behaves nicely w.r.t. products of 
RT-invariants we obtain by Theorem 14. 101 the following 

Corollary 4.11. The AEC is true for G = SU(2) and X any Seifert manifold with base M.P 2 
and zero or one exceptional fiber. 

The AEC can actually be proved directly for X = (n; 1 | 0) by a small calculation: By (|36D 
we namely have 

r-l 

Z(A;r) = ^(-rf sin(- 7 ), 
7=1 r 
and by an elementary calculation we find that 

Z(X;r) = -/(£) (l + e-H), 
where f(x) = 2 (i+coJ(x)) ■ Tnus we find tnat 

T ' m =^ / 0( 1+eM ' i )- < 60 > 

By Theorem 14.81 the Chern-Simons invariants of flat SU(2)-connections on X are (mod Z) 
and 1/2 (mod Z). 

4.4. The contribution from the trivial connection and the Casson Walker invariant. 

From a topological point of view it is not necessarily a good idea to bring the asymptotics of 
the quantum invariants on minimal form; it is actually more natural to sum over the connected 
components of the moduli space instead of over the image set of the Chern-Simons functional. 
Let us consider the case of lens spaces. The lens spaces are identical with the Seifert manifolds 
with base S 2 and zero, one or two exceptional fibers. Let (p, q) be a pair of coprime integers 
and let L(p, q) be the associated lens space given by surgery on S 3 along the unknot with 
surgery coefficient —p/q. Thus we can and will assume in the following that p > 0. We have 
TTi(L(p, q)) = TLjpL for p > 0, and L(0, 1) = S 2 x S 1 with fundamental group Z. Hence L(p,q) 
is a rational homology sphere iff p 7^ and an integral homology sphere iff p = 1, and L(p,q) 
and L(p', q') are nonhomeomorphic if p' 7^ p. It is a classical result that L(p, q) and L(p, q') 
are homeomorphic if and only if q' = ±9 mod y or qq' = ±1 mod p. A homeomorphism is 
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orientation preserving if and only if the relevant sign is +. In particular, we can always assume 
that < q < p if \p\ > 1. 

Let us compare T r (L(p, q)) with the Casson- Walker invariant of L(p, q), p ^ 0. First we note 
that L(l, q) = S 3 for all q 6 Z. In our normalization we have 

r r (S») = sin (1) = f-"- (1 + c.r- 1 + c 2 r~ 2 + ...), 

where c\ = 0. Note also that Ac(5' 3 ) = 0, where Ac is the Casson-invariant of integral homology 
spheres, cf. jAM . We note that there is only one flat SC/(2)-connection on S 3 , namely the 
trivial one. 

Next let us investigate the lens spaces with \p\ > 1. Assume that p > q > and let q* denote 
the inverse of q mod p. By |HTl Theorem 5] we have 

p-i 

2 



T r (L(p,q)) = J— exp ( ( - ) ) Vc n (r)exp ( 2nir- 
V pr \2r \pJJ^ V 1 



n 

p 



where 



. vr \ ( q* \ /2vrn\ / vr \ / q* \ /2vrn 

Cnv) = ^cos — sin 2ir — n sin + sin — cos 2ir — n cos 



pr J \ p ) \ P J \P r ) \ P J V P 

(Use that L(p,q) = L(p,q*) and that S(q*/p) = S(q/p). The shift from q to q* is done to 
facilitate a comparison to Chern-Simons invariants, see below.) The moduli space Mi(p.q) °f 
flat SU(2)~connections on L(p, q) can be identified with the set M. = {0, 1, ... , [p/2]} via the 
identification of M.i{p,q) with the set of representations TLjpTL — > SU(2) moduli conjugation by 
SU(2). Here [x] is the integer part of x G [0, oof. To be precise the integer n£ {0,1,..., [p/2]} 
corresponds to the representation which maps the generator e 2lxi / p to e 2 Wp. By [KKn Theorem 
5.1] the Chern-Simons invariant of the flat SU(2)-connection corresponding to n £ M is equal 
to q n — ~^7 n ■ (Note that Kirk and Klassen use another convention for the lens spaces. Thus 
L(p, q) in KK1 is equal to L(p, —q) here.) Using a symmetry under the change of n to p — n 
we immediately get a formula of the form 

T r (L(p,q)) = J— exp ( ( - ] ) V] a n (r)exp ( 2mr— n 2 ) . 

V pr \2r \pJJ^ Q V P J 

Here, for p even we have a n (r) = 2c n (r) for n = 1,2, ...,p/2 — 1 and ao(r) = sin(-7r/pr) 
and a p /2( r ) = ( — 1) 1+9 sin(7r/pr) = sin(7r/pr). For p odd we have a n {r) = 2c n (r) for n = 
1, 2, . . . , (p — l)/2 and ao(r) = sin(7r/pr). The trivial connection corresponds to n = 0. Let us 
write 



r?(p,q) = \J — exp ( ( - ) ) a n (r)exp ( 2vrzr— n 2 
pr \2r \p J J \ p 



for n G M . Then 



Tr{p,q) = a/— sin ( — ) exp ( ( - ) ) = \ —— (l + c\r 1 + c 2 r 2 + 



pr J \2r \p I I \ pr pr 



where 

ft = , . , 

2 \ P/ 

Here Acw is Walker's extension of the Casson-invariant to rational homology spheres, cf. |Wj . 



c i = tt s f - ) = 67TiA C w(£(p,<?))- 
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Let us next investigate the sum of r"(p, q) for which q n = mod Z. We have (/„ = mod Z if 
and only if p divides n 2 . Let us consider L(9, q), q £ {1, 2, 4, 5, 7, 8}. We have g n = mod Z if 
and only if n £ {0, 3}. Moreover 



^(P.9) = 2^«pgs(|']]^r). 



where 



c 3 (» 



Thus 



tt\ / g*\ /2tt\ /tt\ / g*\ /2vr\ 

« cos l — sin 27r — sin — + sin — cos 2ir — cos — 
si*/ V 3 J V 3 ) \W) V 3 7 V 3 J 

iVS fn\ . /_ q*\ 1 . /vr\ / q 

cos — sin 2tt — sin — cos 2ir — . 

2 \pr J V 3 / 2 \pr J \ 3 



r°(p,g) + r r 3 (p,<?) 
exp — S - 

x ( sin ( — ) ( 1 — cos ( 2tt— ) ) + i\/3cos ( — ) sin ( 2ir— 
\prj V V 3 J J \prj V 3 




where 



ci 



7T ( 1 — COS ( 2"7T%- 



ip\/3sin(27r^) 2 VP 



+ ( - ] = 6ni I s(g,p) 



1 — COS ( 27T %- 



6p\/3sin (27r%- 




Note that s(q*,p) = s(q,p) and put 



a(q) 



cos 



54V3sin(27r§) 



and b(q) = s(q,p)-a(q). We find that s(l,9) = 14/27 and s(2,9) = 4/27, while a(2) = -o(l) = 
— 1/54, so 6(1) = ||s(l,9) while 6(2) = |s(2,9). We conclude that the Casson-Walker invariant 
of L(p, q) is naturally associated with the trivial connection's contribution to the asymptotic 
expansion of T r (L(p,q)) and not with the full contribution to this asymptotics coming from the 
zero set of the Chern-Simons functional. 

Next let us turn to the general Seifert fibered rational homology spheres. A Seifert manifold 
X = (e;g \ b; (ai,/3i), . . . , (a n ,p n )) is a rational homology sphere iff e = o, g = and E ^ or 
e = n and g = 1. The Seifert manifold X is an integral homology sphere if and only if e = o, 
<7 = and \E\A = 1. Here E = —b — Y^=i ^ s ^ ne Seifert Euler number and A = YYj=i a j as 
usual. In this paper we have not calculated the asymptotics for the cases where e = n and g = 1, 
except for the ones with zero or one exceptional fiber. Let us first consider the cases with base 
S 2 and nonzero Seifert Euler number. For these cases we have by |Lesl Proposition 6.1.1] that 



AcwW = ^ 



w -,-£ s (|)-i( 2 -„ + £.i; 



(61) 



where we have used the facts that \Hi(X; Z)\ = \E\A and that we for any rational homology 
sphere N have A C lw(-W) = ||-ffi(iV; Z)|Acw(-W), see |Esg| p. 13]. 
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Under the identification of the moduli space M.x of flat SU(2)-connections on X by the 
set of SU(2)-representations of tti(X) moduli conjugation by SU(2), the trivial connection is 
identified by the trivial representation. Using notation from the previous section we note that 
uj'(1, n')[gi, ■ ■ ■ ,g n ] is the trivial representattion if and only if I = and n' = and in this case 
to' is independent of the gj's. Next assume that E / and let p = p(m,n). We note that 
p(h) = exp ("7riz s t(— m, n)), where z s t is given by ()38j) . Hence p is trivial only if z st (—m,n) £ 2Z 
and in this case (-m,n) ^ Zi. It should be noted that for n £ {0,1,2}, X is a lens space, so 
in that case Mx is a finite discrete space. This is also the case for n = 3, but not for n > 4, 
see also our remarks at the end of Sec. 14.21 For n > 4 it is not known whether the connected 
components of Mx are parametrized by X\ UZg UT^, T| being the set of points in X\ satisfying 

(El- 

In any case, let us calculate the contribution to the asymptotics of T r {X) coming from the 



point (/, n') = (0,0). First note that there is no polar contribution, that is, Z^'-\r) and Zf'-'fr) 
are both zero. The part of the large r asymptotics of r r (X) associated to the zero point in T2, 
denoted t®(X) in the following, is therefore given by 



.(0,0), 



jn+l e -i^-sign(E) 



2 n ^/r 



A 



■ exp 



3sign(£) - E - S 



Pi 



Z°(X;r) 



where Z°(X; r) is the (not necessarily convergent) power series given as follows: Let ko = if n 
is odd and ko = 1 otherwise. Moreover, let ki = (ko — n + l)/2. Then Z°(X; r) = Y2kLki c k r ~ k \ 
where 



Ck 



{-2i) n+l e*f sign(s) r (k + |) 



7T 



n— 1 



4l ^ 

vrS J 2 



where k! = 2k + n — 1 and a n+ i = 1. Therefore 
(-2i) n+1 e*i sign(B) r (A; + ±) / 2i 



7T2 



n-1 n+l 



7T 



n-2 



V / 2^E| fc'! 
In general we have for m £ {0, 1, . . 



7TZ 



Sinl7TZ 



II sin - 



, n} that 



sin(7T2;) 



7TZ 

v sin(-7rz) 




2=0 



n-2 n 




2=0 



2=0 



;!7r m 

(7-m)! 



5. 



(i-m) 



n 



3=1 ' 



sin m (7rz) 




0, 1, . . . , m — 
- m, m + 1, . . . 



1 



2=0 



Since we have already treated the lens spaces, we can assume that n > 2. In that case k\ < 
and k' — 1 = n — 2 if and only if A: = 0, so ct = for fc = k%, ■ ■ ■ , — 1 and 



(-2i) 



n+l 



(-20 



n+l 



e if sign(E) T (fc + ^ 

^24^ (2fc)! 

e ifsign(£;) 1 



4) 4 2fc) 



n; 



Sill 



sin 



n-2 



(ttz) 



2=0 



fc! l27r£ 



S (2fc) 



n 



sin 



n-2 




2 = 



13 



for k = 0, 1, Therefore 



r r °(X) = -isign(£), 



where Z°(X;r) = Yl'kLo^r k with 



1 ( % 





' iir 




, 2r 



3sign(£) - E - S 



Z°(X;r), 



/c! l2vr£ 



sin n ~ 2 (7r2;) 



2=0 



We have 

/(*) 



sm n - 2 (nz) A ' - 



n 



Thus /(0) = 0, /( 2 )(0) = 2^ and 
24vr 4 1 



/ (4) (0) 



A 6 



Hence 



and finally by (jHTj) 



r r °(X) 



7T 



2r 



\E\A\ \E\A 



(l + foriAow^r 



- 1 + 6 2 r" 2 + 



•) 



Let us next consider the Seifert manifolds with base MP 2 and zero or one exceptional fiber. 
Except for the case (n; 1 | 0) all these manifolds are covered by the above calculation, since they 
are all homeomorphic to Seifert manifolds with base S 2 and nonzero Seifert Euler number, see 
Sec. 14.31 Left is to consider the case X = (n; 1 | 0). By ()6U|) we have to find the first terms 
in the Taylor expansion of f(x) = 2 (i+cos(:k)) 1 f * s an oc ^ function so we have f(x) = 

cx Yl'jLo c 2jX 2 ^ for x €] — 7r, 7r[. Thus / (^) = cf(l + c\r~ x + 7r 2 c 2 r~ 2 + ) for r > 4, where 

ci = 0. But Acw(IKP 3 ) = 0, thus AcwPO = so a g am we find that the part of the expansion 
of r r (X) related to the trivial connection has a form ar d (l + 67riAcw(^O r_1 + ^2 r_2 + •••)• 

The Casson-Walker invariant Acw has been extended by Lescop to an invariant Aclw of all 

closed oriented 3-manifolds, cf. |Lesj . We note that T r (S 2 x S 1 ) = 1 = 1 + c\r~ l + c 2 r -2 + , 

where q = for all I = 1, 2, We have previously seen that S 2 x S 1 has an infinite number 

of Seifert fibered structures. Thus S 2 x S 1 = (o; | — 1; (a, (3), (a, a — (5)) for any a 6 Z> 2 and 
any (5 £ {1, 2, . . . , a — 1} coprime to a. Using this together with |Lesl Proposition 6.1.1], we find 
that Aclw(5' 2 x S 1 ) = —1/12. The moduli space A4 S 2 xS i is topologically a closed interval since 
7Ti(5 2 x S 1 ) = Z. (An element p £ Hom(Z,SU(2)) is determined by p(l). By conjugation we 
can assume that p(l) = e lB ', 6 € [0, tt].) In particular, the moduli space M. S 2 xS i is connected. 
Thus it seems that Lescop's extension of the Casson-Walker invariant to 3-manifolds not being 
rational homology spheres is not part of the quantum SU(2)-invariants in the same way as the 
Casson-Walker invariants of rational homology 3-spheres. At least this extension does not seem 
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to be proportional to any of the coefficients in the asymptotic expansion of the quantm invariant 
as the simple example S 2 x S 1 reveals. 

5. Proof of Theorem 14.11 

The proof of Theorem 14.11 is rather long and technical but the single steps in the proof use 
elementary analysis. To streamline the proof we will in this section emphasize the main ideas in 
the arguments and defer technical details to a number of appendices. The proof of Theorem 14.41 
which uses the same ideas as the proof of Theorem 14. 1| is much shorter and is given in Sect. |HI 

In the introduction we gave an outline of the proof. Let us recall the basic ideas. Let X be 
a Seifert manifold described by (normalized) Seifert invariants [e;g \ b; (ai,/3i), . . . , (a n ,(3 n )) or 
non-normalized Seifert invariants {e;g; (a±,j3i), . . . , (a n ,f3 n )}. The first problem we encounter 
when calculating the large r asymptotics of r \— ► Z{X\ r) is that this function is given by a sum 
in which both the terms and the summation range depend on r, cf. Theorem 13. II This problem 
is solved by using certain symmetries to replace ^7=1 by another sum of the form X^ez- After 
this manoeuvre we use Poisson's summation formula to change the expression for Z(X; r) to an 
infinite sum of integrals. Apparently all this seems to complicate things. However, we obtain 
the big advantage that the large r asymptotics of the integrals in the thus obtained sum can 
be calculated with a strong method called the steepest descent method. Roughly speaking this 
will express Z{X\ r) as an infinite sum of main contributions plus an infinite sum of remainder 
terms. The final step will be to rewrite the infinite sum of main contributions as a finite sum in 
which the summation range does not depend on r and to show that the infinite sum of remainder 
terms is small compared to this finite sum in the large r limit. 

We want to generalize the situation. Therefore, let us first consider the function Z{X\ r) in 
(|36|) in greater detail. As mentioned above the first step is to rewrite this expression so that r 
only appears in the summands and not in the summation range. To this end we need to extend 
the function h in (j37[) to Z. There is of course no problem in doing this by using the expression 
(j37[) . However, we will need that the extended function h satisfies the following symmetries 

h(rj) = 0, (62) 

K-i) = (-i) n M7), 

h(j + 2r) = /i( 7 ) 



valid for all 7 £ Z. To establish these symmetries we need to examine the proof of Ha2, Theorem 
8.4]. Let us note here that the first symmetry h(rj) = 0, 7 E Z, is not satisfied if n = 0. When 
this identity is needed we will force it to be true also in case n = 0, see below (|69|). The two 
other symmetries are trivially satisfied when n = 0. 

Assume n > 0. The Rademacher Phi function $ is defined on PSL(2, Z) = SL(2,Z)/{±1} by 



a b 
c d 



(63) 



3 ' c = < 

where the Dedekind symbol S(d/c) is given by (|34|) . By the proof of |Ha2l Theorem 8.4] the 
function h is given by 



h{ 1 ) = K\[(M i )^ (64) 

with 



i=l 



Pi 



j=l I \ j= i 1 



45 



where M{ = f ^ % V i = l,...,n. Here A i— > A is a unitary (r — 1) -dimensional 

representation of PSL(2, Z). By unitarity we have Aj & = (yl^ 1 )^- for j, G {1, 2, . . . , r — 1}, 
where 7 is complex conjugation. By using this with A = Mi together with the formula for 

(Mf )i >7 given in Propositions 2.7 (a) and 2.8] we get 

(M,) 7 ,i = i-L=e-*»<*> (65) 



aj— 1 

X 

/x=±l m=0 



^ A*exp ( ^^"[~^7 2 - 2j(2rm + //) + pi(2rm + fj,y 



and inserting this expression for (Mj) 7i i into (|6~4*)) leads to (|37jl. 

Now, to prove ()62|). we only need to establish the same symmetries for the functions 7 1— > 
(Mj) 7) l (extended to Z). To do this we make a little simple observation. The group SL(2,Z) is 
generated by the two matrices 

? "o 1 ). «=(i !) <«> 

Any A G SL(2, Z) can be written A = BE, where -B = ^4H _1 = —AE. In particular 

r-l 

Aj,k = ^ BjjEifi, (67) 



where 



2 . fnlk\ 

sm , t, k = 1, . . . , r — 1. 

r \ r 



This expression is valid for all k G Z, so we can use (|67|) to extend the function fc 1— > A^fc 
from {1, . . . ,r — 1} to Z. We can also use the explicit expression for k 1— ► Ay^ given by |.T1| 
Propositions 2.7 (a) and 2.8] to extend this function to Z, but it follows by the proof of these 
propositions in jj^ that these two extensions coincide. By (|6Tj) we immediately get that 

A h rk = 0, (68) 
■™-j,—k = — A?, fc > 
Aj t k+2r = Aj t k 

for all fe G Z and j G {1, . . . , r — 1}, giving the needed symmetries for the entries (Mj) 7j i. In the 
above kind of argument we do of course not need to use unitarity of the representation A 1— > A. 
The reason for using this unitarity is that it leads to an expression for /i(7) which is slightly 
better to work with in the proof of Theorem 11.41 

Assume still that n > 0. By introducing a parameter £ > we get by p6]) and (|62|) that 

Z(X-r) = U l -Y lim £ P(7)ff(7,0, (69) 

where 



s [ Q n+a e g-2 (n 



(f(7~i0) 
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and where P(7) = (— l) ae9 for 7 = — r + 1, . . . , —1, P(7) = 1 for 7 = 1, . . . , r. Moreover we let 
P(x) = (P(x-) + P(x+))/2, x = 0,r, where P(x±) = lim*-^ P(i). If we multiply H(j,£) by 



sm 



(77) 



(7(7-«)) 



sin 



in case n = 0, 1)69(1 also holds in that case. For later use we extend P not only to Z but to all 
of R by letting P(7) = (— l) at9 for — r < 7 < and P(7) = 1 for < 7 < r and letting P be 
periodic with a period of 2r. Note that for a e g even (that is for e = o or g even) P is identically 
one. The parameter £ can of course be ignored in cases where n + a t g — 2 < 0. To continue we 
use the following formula which is a special case of Lemma 17. II If / : Z —* C is a function with 
a period of N then 

N-l 

fik) = Nlim v^5>— k2 f(k). (70) 
k=o ^ + fcez 

By applying this to the sum (|69|) we obtain 

Z(X;r) = r( 1 -) lim lim v^]T e~^ 2 P( 7 )P(7, £)■ 

We can exchange the order of the two limits. To see this, simply use (|7()|) with f(k) = 
P(k) lim ? ^ 0+ H(k, £) to get 

Z(X;r)=r(^ lim v^E 6 "" 7 ^) M #( 7 ,0- 

By uniform convergence of the sum X^ez e_7rE7 P{l)H(j, £) with respect to £ on an interval of 
the form ]0,£o]> £0 > 0, we then have that 

Z(X;r) =r('-Y lim lim ^e-^?( 7 )ff( 7l (). (71) 

The expression ((37(1 allows us to consider h as an entire function. In particular we can consider 
7 1 — ^ H(j, £) as a meromorphic function on C with a countable number of isolated poles. To 
proceed we change ((71(1 to a sum of integrals by using the Poisson summation formula 

/oo 
e 2 ™™tp(x)dx. (72) 

By a result of Zygmund [Zl p. 68] this formula is valid for every function tp which is absolutely 
integrable over R, of bounded variation, and satisfies 2ip(x) = (p(x+) + <p(x— ) for all We 
use Poisson's formula with ^(7) = e~ n£ry P( 7 ).ff(7, £) (with fixed £). By 1)37(1 and the above we 
get 

Z(X;r) = r - lim ^ lim V V V g(fi,n) K(z)e rQm ^dz, (73) 

V 2 / <5^0+ r?— >0+ * — ' * — ' z — ' — /_„ 

V 7 meZ /iS{±l}" 2=2 00 
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where 




n 



k(z) = K v (z;fi,5) = e- nSz *P(rz) 



=i 3 
exp 



sin n+a ^- 2 (tt( z - i^)) 



ft 



(Put z = j/r, 5 = er 2 and rj = £/V.) In case n = the function /-t(z) contains an extra factor 
sin(n z) / sm(ir (z — ir/). But 

sin(7rz) = - ^2 ex P( — iTTfiz), 

M6{±1} 

so formally we can treat the case n = as the case n = 1 with (ati, = (1, 0) 

We note that it was necessary in the process of changing the expression (|36j) to 1)73(1 to involve 
the sum Xy^e{±i} n X/n.=0' This was needed for establishing (some of) the properties ()62(l . Note 
that z i — > P{rz) is independent of r. 

Remark 5.1. A remark is appropriate here. It is well-known that the Poisson formula (J72J 
is valid for functions in the Schwartz space S(M) of smooth functions, that together with their 
derivatives are rapidly decreasing at infinity, see e.g. |Hoj . If a e g is even then P is identically 1 
and ^(7) = e _7r£7 H (7, £) is in 5(R) since 7 1— > -ff (7, £) is periodic by (jfi2"|) . If a e 5 is odd it is not 
clear how many times 7 1— > ^(7)^(7, £) is differentiable in a point 7 £ rZ. We can, however, 
choose P to be smooth also for a e g odd. In this case we can simply let P be a smooth function 
equal to 1 on [3/4, r — 3/4], equal to on [0,1/4] and on [r — 1/4, r], and equal to — P(— 7) on 
[— r, 0]. Finally we extend P to all of HL by letting it have the period 2r. The problem with this 
approach is that z 1— ► P{rz) so defined depends on r. 

For the method used in the following we will need to extend P to an entire (or at least 
meromorphic) function with certain properties, see above Remark 15.21 It is not clear at the 
moment for the author if such a P exists, and therefore we restrict to the case a e g even, i.e. 
e = o or g even. The calculations presented in this paper were first done for the case e = o 
where a e g is always even, and first later the author started to consider the case e = n. It was 
then realized that the calculations could only be carried through as they stand for half of the 
Seifert manifolds with nonorientable base, namely the ones with a base with even genus. We 
note that one can probably calculate the asymptotics of Z{X; r) by other means than applied 
in this paper, see e.g. |Rolj and |Ro31 Appendix] for some suggestions. It should be possible to 
use one of these methods to handle the case of a e g odd, but we will defer that to another paper. 

We approximate the integrals K,(z)e r( ^ m ^dz in (|73|) by the steepest descent method. This 
is a general method for obtaining asymptotic expansions of contour integrals of the form 

I(t) = [ g(z)e tf{z) dz 
Jc 

in the limit t — > 00, where f{z) and g(z) are analytic functions on some domain f2 in the complex 
plane, both independent of the real positive parameter t, and C is a contour inside £1. Actually 
we allow g{z) to have poles in f2 away from the contours involved. The basic idea is to deform 
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C inside O into a new path of integration C so that the following conditions hold: 

i) The path C 1 passes through one or more of the stationary points of / (that is the zeroes 



ii) The imaginary part of f(z) is constant on C' . 

We will only need to consider the case of non-degenerate stationary points of /, i.e. stationary 
points p such that f"(p) 7^ 0. In that case one finds that there is a unique contour C through 
p satisfying ii) above and satisfying that Re(/(p) — f(z)) < for all z on C \ {p} near p. This 
contour is called the steepest descent contour through p. It's argument is (ir — arg(/"(p)))/2, 
see e.g. |BH1 Theorem 7.1] or [Bj Sec. 5.4]. To determine the asymptotic expansion of I(t) in 
the limit t — > 00 we have to calculate the large t asymptotics of the new contour integral 



The difference between I(t) and J(t) can be zero or contain a sum of residue contributions, 
coming from the poles of g(z) crossed in the process of deforming the contour from C to C . 
Moreover, this difference can contain contributions given by integrals along contours connecting 
the contours C and C , but these contributions should be o(t) compared to J(t) in the limit 
t —* 00. The integral J(t) will for quite general f(z) and g(z) be of a form for which the Laplace 
method can be used to calculate the large t asymptotics. In our case these integrals will however 
be so simple that a general description of the Laplace method is not relevant. Moreover, we will 
not go into details about why the steepest descent contour C' is a particularly 'good' contour 
when it comes to finding the large t asymptotics of I(t). From a technical point of view a main 
reason is, as already pointed out, that the Laplace method is applicable to the new integral J(t) 
along C. We refer to [Wol pp. 84-90], HU pp. 262-268] and Chap. 5] for futher details. 

In case / has more than one stationary point one has normally to determine the contribution 
to the large t asymptotics of I(t) coming from each stationary point by using a 'short' steepest 
descent contour through each such point. One should of cource also secure that it is possible to 
deform the original contour C into the steepest descent contour within the domain f2. 

In our situation t = r, f(z) = Q m (z), g(z) = k(z), = C, and the contour C is the real axes. 
If the Seifert Euler number E = the functions Q m do not have stationary points so in this case 
the steepest descent method is not applicable. The case E = will be taken care of in Sec. El as 
already pointed out earlier. If E ^ the phase function Q m has exactly one stationary point 



which is non-degenerate. 

5.1. Calculation of asymptotics. A general case. To make the calculations useable for 
other situations and for shortening notation we will generalize the situation above without 
making things more difficult. To be more concrete we will study functions of the form 



otf'(z)); 






r-l 



(74) 



where k £ Z and 




(75) 
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We assume that A and B are real and independent of r. Moreover, we assume that g is inde- 
pendent of 7 and that p is an entire function. The index set A is assumed to be a finite subset 
of R e for some e 6 Z>o. We also assume that h satisfies 1)62)1 with n = k for all 7 G Z. We will 
allow 5 to depend on r and A, B, and p to depend on A. By ((70)) we get 

Z(r)=r lim lim Ve^ 2 -. 

^°+^ sin fe (£( 7 -^)) 

(We can exchange the order of the limits lim e _+o+ and lim^^o + m Q76[). This follows exactly 



as in the special case where Z(r) = Z(X;r)). The function x *— > e W£X * . kjTf belongs to 



<S(R) since x 1— > ■ is periodic. Therefore 

sin y — {x—iti)} 



(*-«)) 



/oo 
f(z;rn, X)dz (76) 

by the Poisson formula (|72|). where 

2 p rQ m (z) 

/(*; m, A) = e-* fa g(^)^ rrr, (77) 

sm (ir{z — ir])) 

with q(z) = q(z; A) = p(rz) and Q m (z) = Q(z) + 2mmz, where Q(z) = Q(z; A) = i(Az 2 + i?z). 
In case fe < we can and will replace l/sin fc (7r(2; — irf)) in f(z;m, A) by sin' fc '(7rz) and remove 
lim T? _ > o+ • (Note that we do not loose any generality by not allowing the polynomial Q to have a 
constant term. Such a constant term c would just produce an extra factor e irc in g.) From the 
first identity in ()62|) we have 

J2g(\)q(z)e r ^=0 (78) 
AeA 

for all zdZ, 

In case Z(r) = Z(X;r) (with a e g even) we have by (|73[) that 

A = {±l} n x S, (79) 

A = 



B = 
k = 

9(f±, n) = (^) III Mi I ex P I 27 ™ ^7 [ rn i + Mi n il 

/ / n 

ff(*) = 

for (fi,n) € A, where S is given by 1)41)1 

Let us return to the general case. We will need to make a series of assumptions on q. Firstly, we 
will assume that q is independent of r (or equivalently, that z 1— * p{rz) is independent of r). This 
assumption is made to make the steepest descent method applicable to the asymptotic analysis of 
integrals f(z; m, X)dz. Secondly, we need to make some assumptions of a technical nature. 
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The need for these will only be transparent within the proofs of results to follow. In general, 
they are made to secure convergency of certain infinite sums. First of all we assume that there 
exist real positive numbers a n , b n such that 



d n q(z; A) 



dz r 



< b n e a "^ (80) 



for all z G C, all A G A, and n = 0, 1, Moreover, we assume that q is periodic along each line 

parallel to the real line. In fact we assume that there exists an integer m q > such that 

q(z + m q ; A) = q(z; A) (81) 

for all z G C and all A G A. It will follow that we can relax the assumption (|8()|) slightly by 
replacing e a "' z ' by e a,I ' z ' T with r G [1, 2[, but since the above sufficis for our purpose we will 
continue by using (|80|). In the case Z[r) = Z(X;r) the above conditions are satisfied, see (|79|). 

Remark 5.2. This remark is a continuation of Remark 15.11 In the case where Z{r) = Z(X;r) 
and a £ g is odd q contains an extra factor P(rz), where P is the function in To include 

this case in the following calculations one will need to extend P to an entire function in such a 
way that the above assumptions on q are not violated. It is not clear to the author if this can 
be done. 

By the formulae sin(z) = {e lz — e~ lz )/(2i) and cos(z) = (e lz + e~ tz )/2 we see that both |sin(z)| 
and | cos(z)| are less than or equal to e' 2 ' for all zdC. For k < we can therefore let 1/ sin fc (ttz) 
be included in q{z) without violating the above assumptions on q. 

In the following we will suppress A in many of the expressions. One should keep in mind 
that all functions depending on A, B and/or q may depend on A. The calculation of the large 
r asymptotics of Z(r) is divided naturally into several parts. To make it possible to follow the 
rather long computation we have tried to stress this by dividing the calculation into several 
subsections. 

5.1.1. A partition of Z(r) using the steepest descent method. In the remaining part of 
Sec. Elwe assume that A ^ 0. The case ^4 = will be handled in Sec. E3 We use the method 
of steepest descent to calculate the large r asymptotics of the integrals J_ f(z;m)dz in (|76|). 
The polynomial Q m (z; A) has only one critical point 

27rm + B , . 

z st (m,A) = ^— (82) 

which is non-degenerate. The steepest descent contour, denoted C s d(m, A), is the contour 

Im(z) = sign(A)(Re(z) - z st (m, A)). (83) 

We orient C s d by starting at — ooe^ slgn ^ + z s t. In the process of deforming the real axes into 
C s d the integration contour crosses (for k > 0) those poles 

z l{v) = l + ir), (84) 

for which 

sign(A)(l - z st ) > rj. (85) 

Remark 5.3. It is possible in parts of the calculation of the large r asymptotics of Z(r) in l|76|l 
to let Q be of a more general form, in particularly if no singularities are present, i.e. if k < 0. One 
can e.g. assume that Q is an arbitrary analytic function satisfying that Q m (z) = litimz + Q(z) 
has exactly one stationary point z m for each m. Moreover, we assume that z m is nondegenerate. 
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For the stationary point z m we deform the integration contour in J_ f(z;m)dz from the real 
axes to the line 7 m (i) = z m + a m t, teR, where 



We then have 



a m = exp - ^Arg(Q m (z m )) 



Qm(7m(^)) — Qm(Zm) ~i~ ^Qm^mJ^m^ ~\~ ■ ■ ■ ■ 



where Qmi^m) ^. = ~\Qm( z m)\ < 0. In case of polar contributions, i.e. in case k > we 
will also assume that 7 m is not parallel with the real axes, i.e. we assume that <5 m (z m ) is 
not real and negative. This assumption is imposed to avoid problems with the sum of residue 
contributions (see Lemma 1531 b elow) . The integrals J f(z;m)dz can now be handled by using 
the Laplace method as illustrated in [Bl Sec. 4.4]. There are several reasons why we will not 
do the calculations in this generality. First of all it will put us too far away from the example 
of main interest in this paper, the case Z(r) = Z(X;r). A more serious reason is however that 
to be able to carry out the analysis we will have to impose too many assumptions. Some of 
these assumptions will then in concrete examples be hard to check (or at least these checks will 
demand long computations), so one does not gain very much. We have found that the expression 
(|77|) is a good compromise between generality and ability to carry through the analysis without 
too many assumptions. 

We will need to impose a periodicity assumption on the function z st : Z x A -> I. To be 
specific we assume that there exists an integer H > such that 

z st {m + H,\)-z st (m,\) = -jH eZ (86) 

for all (m, A) G Z x A. This implies that the set { z s t(m, A) (mod Z) | (m, A) G Z x A } is finite. 
Note that (jHH|) is satisfied if and only if 

A = A(X)=n^ (87) 

with P = -P(A) G Z \ {0} for all A G A. In the following we assume that A is given by 1)87(1 and 
reserve the symbols H and P for this. By (|86jl there exists an r/o G]0, l/2[ such that 



z st (m,A) 0Z + ([-%,%] \{0}) 

for all (m, A) G Z x A. For many of the next results we only have to assume (|88j) but later on 
we will have to assume the stronger (|86|) . In parts of the calculation we will also need to assume 
that 

B = B{\) G vrQ (89) 

for all A G A. When Z(r) = Z(X; r), (EE) and (JEH are satisfied by (I79|) . 

Let us introduce some notation used in the remaining part of this paper. The steepest descent 
contour C s d(m, A), (m, A) G Z x A, is parametrized by 

7 (m ,x ) (t)=te ! f si ^+z st (m,X). (90) 

We let 

K ri (z;\,d) = e . ■ — , (91) 



where 5 and r\ are non-negative parameters. We note that 



e rQ m {7(m,X)(t)) — e -irAz% t (m,X) & -r\A\t 2 _ ^ g2 ) 
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Let 

W = { (to, A) G Z x A | z st (m, A) Z }, (93) 

and put 

A = min{ \A(X)\ | A G A }. (94) 

The open disk in the complex plane with centre z and radius p > is denoted D(z,p), and the 
punctured disk D(z,p) \ {z} is denoted D'(z,p). 

The next lemma, Lemma 15.41 is necessary because we deal with infinite contours so we have 
to check that the integrals along the steepest descent contours are convergent. Since the real 
axes and the steepest descent contour are not attached to each other in the 'end points' we also 
have to check that there are no contributions from integrals along contours connecting the real 
axes to C S( j(to) at respectively minus and plus infinity. 

Lemma 5.4. Let r/o > be as in Q88|) and let (m, A) G Z x A be arbitrary but fixed. Then 

/oo r 
f(z;m,X)dz = f(z\m,X)dz + 2m ^ Res 2=2; {f(z; to, A)} (95) 

-oo Jc sd (m,X) ;gz 

sign(A)(7-2 st (m,A))>7) 

for all T) G]0, 770] and all 5 G]0, ^J-]. TTte sum of residues is zero if k < 0. 

The proof is given in Appendix B. By (|7fi|) and Lemma 15.41 we conclude that 

Z(r) = r lim Vs lim ^ ^ 5 (A) (96) 
5_ * 0+ ??_>0+ meZ AeA 

/ \ 

/ /(z;m, A)dz + 2vri ^ Res z=z ^ v ) {f(z; m, A)} 

JC sd (m,\) ;gz 
\ sign(A)(J-z st (m,A))>7) / 

Next we are going to separate the contributions coming from respectively poles and the integrals 
along the steepest descent contours. 

Lemma 5.5. Let X £ A be arbitary but fixed. Then the infinite series 

s i( A ) = E / f(z;m,X)dz 

is absolutely convergent for all r\ G]0, 770] and all 5 G]0, 2r|^4|/7r[, and the infinite series 
£ 2 (A) = E E Res 2=2;(r; ) {f(z;m, A)} 

m£Z iez 

sign(A)(Z— %t(m,A))>r? 

is absolutely convergent for all rj > and all 5 > 0. For all r/,5 G]0, 00 [ we /iai>e 
S 2 (A) = ^2/3(1, X) ^2 Res z=iri {4>(z; I, m, A)} , 



iez 



Z7T 7T 7T ' 



where 

/3(l,X) = (-l)« e *K^ a +BO j (97) 

2*ir(m+£+£l)* 



(z;Z,m,A) = e-^ + ^g(z + /;A)e ir ^ 2 '" 



sin (7r(z — iry)) 
Aote that E 2 (A) = /or fc < 0. 
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For the proof, see Appendix B. Note that the sum over m in the expression (|76|) is absolutely 
convergent by Lemma 15.51 By (|78|) 

s(A)/J(Z, X)q(z + iyr{Az 2 +Bz+2Alz) = (_^kl g (\) q ( z + l) e rQ ^ = (98) 
AeA AeA 

for all z, I G Z. By ()96|) and Lemma 15.51 we have 

Z(r) = r lim VS lim (Z intj i(5, r?) + Z int po i ar (<5, 77) + Z po i ar 77)) , (99) 



where 



Zint,l(6,r,) = Y, 5(A) / f(z;m,X)dz, (100) 

(m,A)eiy J C sd (m,X) 



Z[nt, polar 



(M) = J] 5 (A) J] / /(z;m,A)d*, 
AeA mez -/C7 sd (m,A) 

z s t(m,A)e2 



■^polar,l 

(5,7?) = 2vri^ 5 (A)^/?(/,A) £ Res z=ir? I, m, A)} . 
AeA lez mGz 

Here we suppress the dependency on r and also to some extend the dependency on A in our 
notation for not making it too clumsy. We have split the sum Si in Lemma 15.51 into two parts, 
since this will be convenient for the following calculations. The reason for the names Zint, polar 
and Zpoiar,i instead of Zi n t,2 and Z po i ar will become clear below. 

Let us take a closer look at Z- mt:PO i SLT (S,r]). Assume that z st (m, A) = I G Z. By changing 
variable to w = z — I, as in the proof of Lemma 1531 the contour C s d(m,, A) changes to C(A, 0), 
where, for p G M, the contour C(X,p) is given by 

Im(w) = sign(^4)Re(w) — p 
oriented so that we start at — ooe~ slgn ^ — ip. It follows that 

Zint, polar 

AeA iez 
where /(/; A, 5, rf) = j c ^ x Q ^ 4>{w\ A, m, l)dw, where 

irAw 2 



[w -X,m,l)=e-^ w+ Vq{w + l)— e 



sin (tt(w — irj)) 

by (|9*7j) since m + Jjr + ^Z = 0. By changing variable once more to y = w — ir] we get 1(1; A, 5, 77) 

Jc(a,„) F (y) d y with 



F(y) = F(y; Z, A, <J, t?) = e --%+W) 2 g(y + Z + ir,) \ . . (101) 



e irA(y+ir]) 2 
sin fc (-7ry) 



We split the function F into its even and odd parts, i.e. F(y) = F + (y) + F (y), where 

F ± (y) = i(F(y)±F(-y)). 
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Lemma 5.6. Let A G A and I £ Z be arbitrary but fixed. Then 

/ (y; l,\,6, r])dy = vriReSj /=0 F(y; \,l,6, rj) 

for any 77 €]0, 1[ and any 5 g]0, 2r|^4|/-7r[. Moreover, the series 

^ P olar,2(^ V) '■= ^2 9 ^ Yj A ) 7r «Res y=0 F(y; I, A, 5, rj) 

AeA iez 

is absolutely convergent for all 6,r] e]0, oo[. For k < i/us sum is zero. 

The proof is given in Appendix B. By Lemma 1531 the sum Zj ntiPO i ar (<5, v) is absolutely conver- 
gent for 77 e]0, 770] and 5 G]0, 2rAo/ir[, and by Lemma 15.61 we then get that 

ZintMv) ■= >>( A ) Y, N>X) f F+(y;l,X,S,r,)dy (102) 



AeA iez 
B , A 



At; tt 



is absolutely convergent and that 

Zint,polar(M) = ^polar,2 (<5, ??) + ^int,2(^ */) 

for these (<5, 77) . We put 

-£polar(M) = ^polar,l(M) + ^polar,2(^ ??)• 

To conclude we have so far proven that 

Z(r) = r lim VS lim (Z- mt l (5, 77) + Z int ,2 (5, 77) + Z po i ar (<5, 77)) , (103) 
5^0+ 77— »0+ 

where Zi nt> i(<5, 77) and ^^,2(^,77) are given by respectively (jlOOf) and ()1U2|) . and 

Z polar (6, V ) = J2 zl ( 5 ^), (104) 

iez 

where Z'(<5, 77) = Z\(8,rj) + ^(6,77) with 

Z[(8,tj) = 2vri^ 5 (A)/3(/,A) ^ Res z=ir? {(p(z; I, m, A)} , 



AeA mez 



^7T 7T 7T ' 



\ /- A >■ 



Z7T 7T 



(where, as usual, an empty sum is put equal to zero). By (|82(1 we have that m + ^ + ^-l > ^77 is 
equivalent to sign(^4)(/ — z st (7n, A)) > 77. By (|88|) this is also equivalent to sign(^4)(/ — z st (m, A)) > 
for 77 g]0, 770]. For 77 s]0,T7o] we therefore have 

Z'(<5,77) = 2 7 rz^ 5 (A)/3(/,A) £ Res z =J ^ l ^ X) A ) , (105) 



AeA mez 

m+^ + 4/>0 

2,7V TV — 



\Sym ± (m + f + #/) 



where Sym ± is given by (|44jl. 

Let us make some comments on the strategy we will follow from here. Idealistically we can 
calculate the large r asymptotics of Z(r) in (|103j) by calculating the large r asymptotics of the 
limit lim,5^o + v^hm, 7 _»o+ f(S, rj) for / equal to each of the functions Z- m ^x, Z- mX ,,2 and Z po iar 
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(assuming that these limits exist). This is actually what we will attempt to do. In fact we start 
by showing that 

Z po \ai(r) '■= r lim V5 lim Z po i ar (<5, 77) (106) 

8— >0+ »7— »0+ 

exists, and at the same time we calculate this limit. Thus we not only give an asymptotic 
description of this limit but we actually find an exact expression for it. To do this we need to 
assume that certain "symmetry" conditions are satisfied. 

To handle the two other limits lim<5^o + V^lirn r) _ > o+ ^int,i/(<^ v)i v = 1,2, more care need be 
taken. Since the limits on the right-hand sides of (|1()H|) and (jlOfifl exist we have that 

Z int (r) :=r lim V6 lim Z- mt (6, V ) (107) 
5^0+ rj— »0+ 

exists, where Z mt (5,rf) = Z- m ^\{5,rf) + Zi nt ^{5,rf). We will, however, not calculate this limit 
explicitly, but only give it an asymptotic description. This is of cource sufficient for the proof 
of Theorem 14.11 Thus we will show that we for each N G Z>o have a decomposition 

Z-mt^S, rf) = Z- mt>v (N; 5, 7]) + R V {N; 5, 7?) 

such that 

Z int u (r;N) = r lim VS lim Z- mt v (N; S, rf) 
<5^0+ 77— »0+ 

exists, v = 1, 2. This implies then that 

R(r;N)=r lim y/5 lim (i?i(iV; S, rj) + R 2 {N; S, 77)) 

exists. We will not show that lim,5^o + Vo lim^o + Rv(N; 5, rj) exists for each v = 1, 2 separately. 
Instead we show that R v (N;5,r]) is bounded from above by a certain function A U (N; 5, rf) for 
which 

A u (r;N) = r lim VS lim AJN;5,r]) 

can easily be calculated and shown to be small compared to Z[ n t tU (r; N) in the limit of large r, 
u = 1,2. This will prove that Zi n t,i(r;iV) + Zi n t,2 (r, iV) is the large r asymptotics of Z- mt (r) to 
an order depending on N. To carry out this program we have to assume that certain functions 
admit certain periodicities. 

One final small remark is appropriate. When dealing with Z\ n % 1(6, T]) we will start by getting 
rid of the parameter rj by showing that 

Zint,i(£) := lim Z inti i(<5,77) 

exists and then make a decomposition 

Z in t,i(5) = Z hit;1 (N;S)+R 1 (N;6) 

for each N 6 Z>o- This makes things a little easier. When dealing with Zi ntt 2(S,i]) this is not 
possible. We will see that the positive parameter rj plays a crucial role in the calculations and 
can only be removed in the final step. 

5.1.2. A calculation of the polar contribution Z po \ ar (r). In this section we calculate the 
limit Z p oiar( r ) i n (|106|) . If k < this is zero so here we assume that k > 0. By ()104|) Z po i ar (<5, 7/) 
is given by two infinite sums, the Z-sum and the m-sum. We will change the Z-sum by using 
(|7U|) 'backwards'. The m-sum will be calculated explicitly. Before we can do this we need to 
write Z l (5, rf) in (|1U5I) in a different way. A main problem is that the lower bound in the m-sum 
depends on I in the present expression for Z l (5, rf) . 
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We begin by a list of assumptions. Recall that the index set A is a subset of M e . We assume 
that A, B, g, and q{z) (for a fixed but arbitrary z G C) as functions of A are defined on all of 
M e , and that A and B are real on all of M e . 

Let Vi : R e -> R and Uj : C x R e -> C be given by 

= _^)_^) ; , 

U,(z;a;) = 5 (x)/3(/,x)g(z + /;x)e fM ^ 2 . 
Assume that there for each Z G Z exists a bijection 7} : IR e — ► M e such that 

V(x) := Vi (Tf 1 ^)) 

only depends on x (and not on I). We will assume that To = id^e. By ()1(J5|) and (|97f) we then 
have 



Res 



E ^ s^fg^i < 108 > 

m-V(z)>0 

where A(Z) = T)(A) and K^(z;x) = U; (z;T^~ (x)). In the above expression the lower bound in 
the m-sum still depends on I since A(Z) depends on I. Moreover, in order to be able to use ((701) 
on the /-sum, the expression needs to be 'sufficiently' periodic in I. We will see below what is 
meant by that. Let us just remark here that a main part consists of changing the finite index 
set A(Z) to a new index set r(Z) which is periodic in Z. To be able to do this we need to assume 
that there are some additional symmetries present. Firstly, we will assume that there exists a 
positive integer L and a subset TZ of M e containing Uz e zA(Z) such that Ki + l(z;x) = K[(z;x) 
for each Z G Z, z G C and x G TZ. Secondly, we assume that there exists a family of bijections 
{Sj : TZ — ► all independent of Z such that the maps x i— ► K;(z; x) and x ^ V(x) (mod Z) 

restricted to 7£ are invariant under these transformations, i.e. V(Sj(x)) = V(x) (mod Z) for all 
x £ 1Z and K/(z; Sj(x)) = K;(z; x) for all x G 7£ and all £ G C and I G Z. 

For a tuple of integers C = (ji, . . . , j m ) G I m and a sequence of signs e G {±l} m we let 

<- Jm Jl ' 

where Sj 1 is the inverse of Sj. We then finally make the following "symmetry" assumption: 
There exists a family of subsets T(l) C TZ, I G Z, periodic in Z such that there for any Z G Z and 

any cc G A(Z) exists a tuple of integers C x and a sequence of signs e*. satisfying 5 /"(x) S T(Z). 

—X 

For simplicity we will assume that the map A(Z) — ► T(l), x i— ► S 1 ^(x), is a bijection, but the 

—X 

following analysis can actually be carried out with only minor changes in case this map is only 
surjective. 

Since the product of the periods of two periodic functions is a period for both of the functions 
we can assume that the family of sets T(Z) is periodic in Z with a period of L, i.e. T(Z + L) = T(l) 
for all Z G Z. Since the expression (|108j) only depends on m and V(x) through their difference 
m—V(x) we can always modify the different values of V{x) by appropriate integers. In particular 
we have 

Res -• ( e -^(g+0 2 K l( z > v ) c 27Tir(m-V(u))z\ 

Z% V ) = 2niY: £ ~ ^ 5 T*'vA (1 ° 9) 

V&l t) m€Z 

m-V(v)>0 



f -ttS(z+1) 2 Ki(z;x) c 2mr(m~V(x))z\ 
\ sin fc {n(z—irj)) ) 
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Note that 

Ki{z]v)e- 2mrV ^ v)z (110) 

«/er(i) 

is periodic in Z with a period of L for any fixed zeC. By (jHEJ we have 

Ki{z; u ) e -^V(u)z = (_^kl £ + |)e r< ?(*+0 = (111) 

uer{i) AeA 

for all z G Z. 

Let us consider the case Z(r) = Z(X; r). Here we have A C M 2n by (|79jl. so e = 2re here. Let 
Ti(x,y) = (x,y + Z/3/2) for x,y G K n . Then A(Z) = T,(A) C {±1}™ x (±Z) n for all Z G Z. In 
particular, we can let n = {±l} n x (±Z) n . We have 

V (X , y) = I, (T,-'(x, „)) = £ "-^^ + 5 E ^ = t "' 



a ; 



a ; 



j=i j j=i j j=i 

which is independent of Z (and x). For j = 1, 2, . . . , n we let Sj : 1Z — > 1Z be the transformation 
Sj(fi,y) = (fi,y + ctjej), where ej is the standard jth unit vector of R n . Then V(Sj(/j,,y)) = 
V((i, y) + 1 for all j and all (p, y) G 71. By (J7HJ) and (g7J) we have 

JrAz 2 



Ul(z;(x,y)) = g(x,y)P(l,y)q(z + l;y)e l 

n I n 

(-l) nl ' 



Y[ xj J exp I 2m ^ ^ [n/J + Xjjfe] J exp f 



U =1 



3=1 



x exp 

for 2 G C and x, y G R n . But then 
K,(*; (*,!/')) = (-1)"' 



a, 



n I n 



vi=i 



exp 2^r -tA^ + JZ 



j=l 



3=1 
^3' /2 1 



Y[ Xj J exp I 2vri ^ x^ f ^y) - ~ajl 



a; 



I 'KIT q \ I I x 7 

x exp y—-Ez I exp I —in I — 



v3=l 



x exp 



for z G C and x, y' G M n . Thus, for fixed (x, y') G 7£ and z G C, K;(z; (x, y')) is periodic in Z with 
a period of 2. Moreover, (x,y') i— > K;(z, (x,y')), 72. — > C, is invariant under the transformations 
Sj for all Z G Z and all z G C. Finally, it is easy to see that we can put 

r(Z) = {±l} n x {n' G Z n + i/?Z | < n' < a }. 

In particular, the period L = 2 in this case. Note that the last factor in the above expression 
for K ; (z; (x,y')), namely exp f-27r«r X)"=i (vj (y'j ~ ^Pjlj z)), is 1 for (x,y') G T(Z). 
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Let us return to the general case. The next step is to get rid of of the infinite sum over m in 
(jlU9|) , A problem here is that the lower bound in this sum is V{y). To overcome this difficulty 
we use the following small lemma which proof is left to the reader. The function Sym_|_ is given 
by 

Lemma 5.7. //a£l and f : Z — > C is a function such that 

f(m) 



E 



Sym ± (m-a) 

m>a 



is convergent, then 



f(m) _ ^ f{m) sr^ sign(a)/(sign(o)m 



E 



„Sym ± (m-a) ^ n Sym ± (m) ^ Sym ± (m)Sym ± (m - \a\ 

m>a 0<m<\a\ 



By using this result on ()109|> we immediately get 



□ 



Z l (S, V ) = 2vri 



oo Rps ■ f r -^(^+n 2 K;(^) 2nir(m-V)z) 

Sym_ t (m) 



m=0 



£^ Sym ± (m)Sym ± (m - \V\) 

0<m<\V\ 

where we write V for V{v). We could of course have used Lemma 15 . 71 directly on ()1U5|) . A prob- 
lem with this is however that the resulting expression contains a sum of the form Y2o<m<\—+—i\ 

— — I 2tt TV I 

depending on I in a bad (=nonperiodic) way. If we use Lemma 15.71 on H108|) the resulting ex- 
pression contains a sum of the form J2o< m <\v(x)\- ^he problem here is that V(x) depends on 
x E A(/) and thereby on / in a bad way. 
Let v E T(l) be fixed and let 

■$(z; m) = I, m, u, 5) = e~ nS{z+l)2 Ki(z; U ) e 2 ™{m-V)z _ 

By using the identity 

00 ^2nirmz ^ 

E- ; — r- = - cot(irrz), 
Sym + (m 2 v ; ' 

m=0 J ±v ; 

valid for all z E D(ir],r]), we get 



> — -Mr — 1LJ - = -Res 2= j r) < — ; cot(7rrz) > . (113) 

^ Sym ± (m) 2 ir? \ s in fc (vr(z - irj)) 1 '} ^ ' 

To see this, assume that q(z + /) has a zero of order ki > in z = ir/. If A;; > k then both sides 
of (|11.3|) are zero. If fe/ < k we let k' = k — ki and put 

u(z) = $(z;0)-|pL 



sin (7r(;z — irj)) 
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Then 



00 Res, 



E 

m=0 

where u m (z) = u(z)-, 



j *(z;m) 1 
ir l \sin k (n(z-i V )) J 



Sym_|_ (m) 



(A;' - 1)! \dz 



m=0 



fc'-l 



U m 0) 



z=tr) 



Sym ± (m) 

Now let p £]0,r/[. For z 6 D(in,p) we have 



. Note that u m is analytic on D(irj, 77), where we assume that 77 < 1. 



E l u -( 2 )l ^ K*)l E ^ r~ 

hym_i_ ( m 

— " m=0 J ±v 



m=0 



where the infinite sum on the right-hand side is convergent, so by Weierstrass' M-test U(z) = 
^2m=o u m( z ) is uniformly convergent on D(irj,p). It follows that U is analytic on D(in,r]) and 
that all its derivatives may be calculated by term-by-term differentiation, see e.g. [U p. 95]. 
Therefore 



Res 



tf(z;0) 



z=tr >^k 



sin (tt(z — irj)) 2 



cot(7rr2;) 



d 



(k> - 1)! \dz 



fc'-i 



u(z)- cot(7rr2;) 



1 



d 



(k> - 1)! \dz 
By (ITT21 and (ITTTT1) we have 

Z\5,v) = 2m E 
!/er(o 



fc'-i 



TIT U(*) 



2=117 



— f(- 

' - 1)1 ^ \dz 

' m=0 v 



-Res 



z=ir) 



(k 

V(z;l,0,v,S) 



Z=IT\ 
fc'-l 

Um(z) 



z=ir\ 



sin (vr(z — 777)) 



cot(7rrz) 



(114) 



E 

7716Z 

0<m<|V| 



sign(y)Res^{^ 



(y)m,i/,(5) ' 



(z-ir/)) 



Sym_j_(m)Sym_|_(m — \V\) 



Lemma 5.8. Let 772 G]0, l/r[. Then the infinite series X^zez ^(^> r ?) * s uniformly convergent 
with respect to rj on JO,^]. We therefore have 

Z polar (<5) := lim E^( 5 ^) = E Z ^)> 
17— >o+ z — * * — » 

;ez zez 



where 



Z\S) = lim ^((5,r/) 

»7-*0 + 



2*i e 

i/er(i) 

- E 

0<m<|V| 



-Res 



2=0 



sin fc (7rz) 



cot(7rrz) 



sign(F)Res z=0 j- 



(z;/,sign(y)m,f,(5) 
sin fc (7rz) 



Sym_|_(m)Sym_|_(m — |V|) 



The proofs of this lemma and the next proposition are given in Appendix C. By the next 
proposition we end the calculation of the contribution to Z(r) coming from the polar term 
Zp iax(5,ri). Note that this contribution is given an exact (non-asymptotic) description. 
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Proposition 5.9. We have 



L-l 



ZpoiarM := r lim VSZ polsLr (S) = V] ^ 

o— >0+ — ' 

1=0 



where 



2nr \ -> 



-Res 2=0 



Ki(z; v)e 



-2nirVz 



E 

mGZ 

0<m<\V\ 



sin fc (7rz) 
sign(y) 



Sym_|_(m)Sym_|_(m — |V|) 



Res 



cot(-7rrz) 

f Ki(z; ^ e 2nirsi sn(V)(m-\v\)z 



z=Q 



sin k (-K z) 



where V = V(v) 



Note that this expression does not in general give a function as in (|3U|) . The factors e 27Ttrqj can, 
however, be hidden in the expression. Let us see that this is indeed the case when Z(r) = Z(X; r). 

Corollary 5.10. Let Z(r) = Z(X;r). Then 

^polar(r) = Yl ex P ( 2 ™ r 1(l,n')) r [z^\r) + Z^\r)) , 

(l,n')eJ 



where q(i^ n ') is given by 

J=| (i,n')€ {0,1} x Qz) 



n' G Z n + -Z/3, < n' < a >, 



and bn n n = iri(—l) nl (—\) n , and where 



-Res 2=0 < 



exp [^fEz* - 2mr (g^ g 
sin n+a ^- 2 (7rz) 



cot(7rrz) 



x sin I 27T 



Pi / z 1 , 
— n„- ail 

(Xj 3 2aj 2 J 



Z^\r) 



E 



sign ELi ± 



ez _ Sym ± (m)Sym ± (m - YTj=\ 



0<m< V" 1 — 



xRes 2= o < 



x Y\ sin ( 2tt 

i=i 



' exp (-^ + 27rzrgign ^ ^ _ | E n =i ^ 



sin n+a 6 9-2/ z ^ 



a,- J 



z 1 
2^7 ~ 2 l 



-ad 
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Proof. The corollary is an immediate consequence of Proposition 15.91 and the remarks above 
Lemma 15*771 about the Seifert case. We use that 



E n« 

Ate{±i}" y=i 
n , 
(2i) n Yl sin I 2vr 

3=1 ^ 



exp — TTZ 




z exp 



3=1 



Pj i 
—n, 

Ctj J 



la* 



-a A 



□ 



We observe that this expression is not identical with the one stated in Theorem 14.11 It has 
the correct form, but the set J contains twice as many elements as the set I2 m <|43|) , By (|40(1 
it follows that if (I, n') = (I, n' l5 . . . , n'j) S J then (I, n' + (oj — 2n'j)ej) £ J and 

Q(l,n'+(a j -2n' j )e :j ) = Q(l,n')- 

What is even more important is that we expect the connected components of the moduli space 
of fiat SU(2)-connections on X to be parametrized by I\ UZ2. Therefore it is desirable to obtain 
an expression for Z po i ar (r) similar to the one in the above corollary but with the sum over J 
replaced by a sum over 1% ■ To obtain the result stated in Theorem 14.11 we have to use some 
extra symmetries before using Lemma 15.71 Let Z(r) = Z(X;r) and let 



Ji = in! 6 Z n + i/3Z I < n' < a 
From (*1(J9") and the remarks above Lemma 15.71 about the Seifert case we get 

Z l (8,ri) = 2vri(-l) n ' 



(115) 



Y eX P ( 27Tir< l(l,n')) Y II ^ 

Ate{±i} n y=i 



x exp 



E 



1 



6Z / Sym ± f m - YT j= i 4 



->E™ =1 £ 



xRes 



Z=IT] 



-■k5{z+1) 2 



exp {^Ez 2 ) 



sm 



n+a € g— 2 , 



ir(z — irj)) 



x exp j — Tri j ^2 ~ I z I ex P ( 2vrir I m — — 




Let 



J[ = In! eZ n + ^§l | < n < ia | . 



(116) 



In the expression for Z l (5,rj) we can change the sum Yl n 'eJ t ^° 

1 



M'e{±i}" n'e J,' Il"=i s y m z 
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if we at the same time substitute /i-'-riy for n'- everywhere. The function Sym z± is given by (|45|) . 
This leads to the identity 



Z l (5,rj) = 2m(-l) T 



E 



1 



E E 



ej; n™=iSym z± 

1 



^exp (2vrir^ )n / ) ) 



M 'e{±i}« ™« , , Sym ± m - £ j=1 -i-i ) /*e{±i}» y =1 



E n« 



x cxp 



1 



2TTi^2fij ( — /x' 7 n' 7 - — -<r,-Z 



xRcs 



z=ir\ 



-ttS(z+1) 2 



exp (^£z 2 ) 
sin n+ae 9- 2 (7r(z - ir/)) 



x exp | — m | ^2 — J z J ex P I 2vrir | m — ^ J J 



3=1 



(117) 



By Lemma 15.71 and the remarks following that lemma we get 



ni. 



■ \ n -I 



where 



^(M) = E E ll/oi 

M'e{±i} n Me{±i} n \i=i 



3=1 



Pj / / 1 , 



xR,esj != j J7 < 



-7T<5(2 + 2 



exp ^£z 2 -2tw- [Y% =1 



sin 



n+a e g— 2 1 



ir(z — irj)) 



x — cot(7rrz) exp I — Z7r I — 



(118) 



\3=1 
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and 



e e n^) ex p 

Li'&{±l} n MS{±1}" \j = i 



3=1 



X 



E 



sign 



3=1 OL4 



n'.n'. 

0<m<|£? =1 ^ 



Sym ± (m)Sym ± (m - Y%=\ ) 



xRes 



z=ir) 



( , -w8(z+l) 2 ^ . _ m 



^ a,- 



exp (?f£z 2 + 2vrirsign (^"=1 



rn 



sm 



n+a e g-2 



(tt(z - n?)) 



(119) 



Here 



e n« 



/ exp 



^e{±i}™ \j=i 



.7=1 V J 7 



exp — Z7T 



H,- — -— — -Ojl 



ay 3 2 ay 2 



= (2i) n Yl n'j sin f 2tt 

where we use that sin(x — irajl) = sin(x + ttojZ) for iel since cr^Z G Z. Futhermore, we have 



E 

M'e{±i}" 

n 

(-2) n n 



/Xj- sin ( 2ir 

j=i 



pj , ZPj 1 

— n„- ad 

a, 3 2 a, 2 3 



exp 



-27rir I 



0=1 



a : 



i sm 



J 2 



cos 



7r — I sin 2-7rrz— 

V a 3 



+ COS 



2vr ( BL n ' - t a ,l 



a, * 2"'' 



sin ( 7r — I cos I 2itrz 



11 : 



a, 



By inserting these expressions in the expressions for Z$'~ ^ (5, rj) and z[ l '~ ^ (<5, rj) and by pro- 
ceeding like in the proofs of Lemma 15.81 and Proposition 15.91 we finally obtain that -Z po i ar (r) = 
Z po i ar pf;r), where 

■^polar 

(X; r) is given by (JIHJ). 

5.1.3. An asymptotic description of Z- m ^i(8, r/)'s contribution to Z- mt (r). We proceed by 
analyzing the contribution to Z; n t(r) in (|107|) coming from 



Zmt,i(5,r])= ^2 g(X) f(z;m,\)dz. 

( m WaW JC sd (m,\) 



We saw in Lemma 15.51 that this infinite series is absolutely convergent for 5 €]0, 2rAo/7r[ and 
r] G]0,ryo], where r?o is the positive constant from (|88|) and Aq is given by (|94j) . 

Lemma 5.11. For every fixed 5 g]0, 2r^4o/ 7r [ infinite series Zi nt) i(5,rj) is uniformly conver- 
gent w.r.t. n on an interval of the form [0,771], where 771 > 0. 
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The proof is given in Appendix D. By this lemma we conclude that 

Z int) i(5) := lim Z int x(5,rj) = V] g(X) lim / f(z;m, X)dz. 

Recall here that f(z;m,X) but not g(X) and C s d(m, X) depend on 77. Let in the following 
(to, X) £ W be arbitrary but fixed and let z$t = -? st (m, A). By (|9fl|) - (|92|) we have 



f(z; to, X)dz = e ^<A) e -irAzl / ^ exp (- r \A\t 2 ) dt, 

C sd (m,\) J — oo 

where = ^(7^ ^ (t); A, J). By (|8fl|) and ljl.35j) we have 

\ipr,(t;6)\ < Ke ct+aM 

for all t G K and all r) G [0, 771], where C = -7rV2z st 5 and K = j^e~ 7TSz ^e ao ^ . Since 
1 1 ^ i^eCi+ioltle-H^I* 2 e ^i(K) an d lim r ,^ 0+ 5) = ^ (*; S) for all t we conclude by Lebesgue's 
dominated convergence theorem that 

lim / f(z;m,X)dz= / f (z;m, X)dz, 

JC sd (m,X) JC sd (m,\) 

where fo(z; to, A) is equal to f(z; in, A) in (f77|) with i] = 0, i.e. 

rQ(z) 2wirmz 

f (z; in, A) = e"^* g(*; A) . . (120) 

sm 

We have shown 

Lemma 5.12. For every fixed 5 G]0, 2r J 4o/V[ we have 

Zmt,i(5) = lim Z mt .i(5,r]) = S~] g(X) / f (z; in, X)dz, 

where the functions fo(z;m,X) are given by (|12()|) , □ 

Next we give an asymptotic description of the integrals I(m,X) = j c , m A ^ fo(z; m, X)dz, 
(to, A) G W. We follow a standard and completely elementary proceedure for calculating such 
asymptotics. The idea is to obtain a partition of I(m, A) into parts in such a way that one 
part constitutes the "main contribution" and the other parts are remainder terms, which can be 
evaluated easily. The starting point is to expand the preexponential factor kq of the integrand 
fo(z) = Ko(z)e r( ^ m ^ around the stationary point of Q m . 

Let us first give some preliminary remarks. By (|88|) we can choose a p > such that kq is 
analytic on D(z s t(m, A), 4p) for all (to, A) G W. In fact we can use any p < %/4. By (f8Tj) there 
exists a constant C p such that 

\q(z + z st (m, X); X)\ < C p (121) 

for all (to, A) G Z x A and all z G D(0, 4p). Let in the following (to, A) £ If be fixed and write 
z s t for z s t(m, A). Expand kq as a power series around z s t 

00 

K (z;5) = Y,a j (S)(z-z st y (122) 

j=0 

for z G -D(z s t,4p). Moreover, let N G Z>o be arbitrary but fixed in the following and write 

JV 

K {z; 5) = Y, aj(S)(z - z st y + R N (z; 6). (123) 

j=0 
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We claim that the main contribution to an order of N of the integral j c ^ m ^ fo(z; m, X)dz is 
given by 

I(N; 5) = I(N; m, A, 5) = ! k (z; N; 5)e rQm( - z) dz, 

JC sd {m,\) 

where kq(z; N;5) = ^2j f = Qdj(5)(z — z st y . Accordingly, the remainder term is given my 

e(N; 5) = e(N; m, A, S) = I{m, A) - I{N; m, A, 5). 

At a first glance this can seem a little peculiar since the power series of kq is only defined in a 
small neighborhood around z st . The point is that the main contribution comes from integrating 
Ko(z; N; 5) along the part of C S( ±(m, A) lying inside D(z st ,4p). However, by integrating along all 
of C s a(m, A) we obtain an explicit and nice expression for the main contribution. By (|92j) we 
have 

N 

I(N;S) = / [z - z st ye rQ ^dz 

N 



2 £ a i (<5)(e^ si ^))' + ^-^ 2 t^ 0O ^e-H^I* 2 dt 



0<j<JV 



E(IjW (e¥.^)) i+1 e-^,r(i±i) (-^) 



J + l 
2 



0<j<JV 



Let us next describe e(N; 5). Note that for any nice function g : R — > C and any < a < 6 < oo 
we have /J" ^e^^di = f b a g(-t)e- r \ A \ t2 dt. Thus 



v 



e(AT; 5) = e f^n(A) e -irAz Bt E U {N; 8) + J u {5) - ^ aj {5)Fi 

i^e{o,i} V j=o 



where 

j-2 



J y {5) = I ^((-l)^;<5)exp (-r|,4|i 2 ) dt, 

/■2p 

= / R N { lim , x) ((-l) v t);5)exp(-r\A\t 2 )dt, 
Jo 

for v = 0,1, and F? = /~ ( 7(mjA) ((-l) w t) - z st ) J exp (-r| A|t 2 ) dt for = 0, 1 and j 
0, 1, . . . , N, By using the incomplete gamma function T(q, uo) = u a e~ u du we get 

= \ (i-iye-f^y (^)^r (^,4|A|A) . 



Using that Fj + = (1 + (-lp')F^' and e x si s n ( A ) ^^(A) y-> \ A \-^ = (i/A) 2 ^ we get 
I(N;S) = e-*** £ <*W (i±l) (Jj)" 



2 



0<j<JV 
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e(N;5) = e~ irA *« t 



2 



e fsign(A) J- {Eu{N . 5) + Ju{5)) 
i>=0,1 



0<j<JV 
JG2Z 

In accordance with the above we put 

(m,X)eW 

Ri(N;5) = Z- mt!l (5)-Z- mt:1 (N;5)= ^ g(X)e(N; m, A, 5). 

(m,A)eW 

This decomposition of Z; nti i(o~) is justified by the following lemma. 
Lemma 5.13. For any N G Z>q and 5 > i/ie infinite series 



Z iat ,x(N;6) = £ ^(A)exp (-irA^) E a, W ( 3 -±±) (±\ 

j£2Z 



3+1 
2 



3 + 1 



&(N;6) = Y, 5(A)exp(-^4) £ a#) ' r(^,4L4|A 

(m,A)eVK 0<j<iv ^ ' ^ 

J%(N;S) = E 9Wexp{-irA£)E u (N;8), u = 0,l, 
(m,X)eW 

are absolutely convergent. Moreover, there exists a ro G Z>2 and a <5o > snc/i that the infinite 
series 

E ^(A)exp(-trA4) ■/„(<*), i/ = 0,l, 

(m,A)eW 

are absolutely convergent for all 5 G]0, <5o] and r G Z> ro . For a// smc/i 5 and r and aZZ iV G Z>o 
we therefore have Z^x{S) = Zi ni> i(N;S) + R\(N;5), where 

R 1 (N;6) = -Z l (N;6) + e^W £ 5) + S^)) . 

w=0,l 

The proof is given in Appendix D. By the following lemma we calculate one of the two main 
contribution to Zi n t(r) in (|1U7[) to arbitrary high order N G Z>o- Recall here that in general we 
allow g(X) to depend on r. By the above lemma we can write 

R 1 (N;5) = YgW E e~ irAz ^D(N, A; m, 8) 

AeA meZ:(m,\)&W 

for r G Z> ro and 5 G]0, <$o], where 



o<i<iv 



+e fsign(A) £ (^(AT; ) + J„(5)) 

^e{o,i} 
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Proposition 5.14. For each fixed A 6 A and j G Z>q the functions 



Gjim, A) = exp (-irAz st (m, A) 2 ) # 



sm k (irz ) 



(124) 

z=z s t(m,A) 

are periodic in m with a period M\ independent of j G Z>q. Moreover, for each such set of 
periods {M\}\eA an d each N = 0, 1, 2, . . . we have 

Z int ,i(r;N) := r lim VSZ intjl (N; 5) (125) 

j 



ri ^ 1 / i \ 2 |^| ,_i , 

o<i<iv y \ / A6A 

x £ exp HrA4(m, A)) 8jp 

m£Z mod M\ v ' 

2 s t(m,A)eR\Z 



z=z st (m,X) 

Finally, let 5o > and ro G Z>2 be as in Lemma 15.131 For each N = 0, 1, 2, . . . and A G A i/iere 
exists a positive function 5 i— ► £i(N, A; 5) on ]0, o~o] (afeo depending on r) such that 

\D(N,\;m,S)\< £l (N,\;5), 

meZ:(m,\)eW 

for all 5 g]0, Jo] and r G Z> ro and snc/i that r lim,5^o + V$£i(N, A; 5) exists and is O (r~ N / 2 } 
on Z> ro . 7/ |s(A)| is independent of r it follows that there for each N = 0,1,2,... exists a 
positive function 5 i— ► £\(N; 5) on ]0, Sq] (also depending on r) such that 

\Ri(N;5)\ <e 1 (N;5) 

for 5 g]0, Sq] and r G Z> ro and such that r lim,5_ > o + V^SiCAT; 8) exists and is O (r~ N / 2 \ on Z> ro . 

The proof is given in Appendix D. By this we have finalized the description of Ziati(S, v)' s 
contribution to the large r asymptotics of Z(r). 

Before leaving this section, let us take a closer look at the Seifert case, i.e. the case where 
Z(r) = Z(X; r). Let us find periods M\ as in Proposition 15.141 Recall that A = YYj=i a j > 0- 
Put P = 2A and 

n A n 

H = AE = —f3$A — Pj = ~Po a l ■ ■ - a n — a l ■ ■ ■ a j-lPj a j+l ■ ■ ■ a n- 

j=l 3=1 

Then A = tvH/P. Note that \H\ is the order of the torsion part of H\{X\ Z) in case of orientable 
base, i.e e = o, cf. |.TN[ Corollary 6.2]. For the following we refer to (|79|) . By 1)82(1 we have that 




z st {m,n) = ■ 

for (m,n) G Z x Z n . (Thus this is independent of fi G {±1}™.) For each fixed n G Z" the 
function m i— ► exp (— irAz s t(m, n) 2 ) is periodic with a period of \H\. This follows by the facts 
that z s t(m + H,n) = z st (m,n) — P and P G 2Z. The functions 

q(z;n) 



M*0 



sin^+^f-^vrz) 
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are periodic with a period of P for any fi G {±l} n , and therefore the derivatives of in z s t(m, n) 
are periodic in m with a period of \H\. We can therefore put Mf^ >n \ = \H\ for each G A 

and get from (j!25j) that 



^int,l 



— (- 

2A\2 




E 



1 



£ ^ 072)! \2-kE 

0<j<N W ' V 

ie2Z 



J" 2 



^ ^ exp (27rzrg (mi „)) 



n£cS rael mod -ff | 

■z st eK\z 



e (n«)»p(^E«^l* >exp( ^ Kui:; 



M£{±1}™ y=i 



sin 



n+a e g-2 



(irz) 



where q^ m ^ is given by By calculating the sum over /i we get 



Z- mt ,i(r;N) 



(-1) 7 
2^ 




E 



1 



£ ^ (i/2)! \27r^ 

0<j<JV w/ y v 
3 £22 



Y Y eXP ( 27rir ^(m,n)) C 



ndS mSZ mod |H| 

2 st ei 



f 2 



(i) 

(m,n) ' 



where we for j G {0, 1, 2, . . .} and (m,n) eZxZ" have put 
-0') - ^(i) 



n™=isin [^-[Zpjrij - z) 



In particular, 



Z- m t,i(r;N) 



sin 



n+a e g— 2 



(-1) 

2^ 



" *2ir v ^ 



1 



z=2 a t(m,n) 



£ ^ 072)! V 27TE 1 

j€2Z 



f 2 



X Y Y eXP ( 27rir ?(m,n)) 

z st e]o,2.4[n(]R\Z) 



'(rrt,n.) ' 



In this expression certain symmetries are present. Let e 1; . . . , e n be the standard basis in R n 
and let 

hj(m,n) = (m+ l,n + Oj-eA j = l,2, ...,n 
f(m,n) = (m,n-§), 
g(m,n) = —(m,n) 

for (m,n) £ZxZ" and j = 1, 2, . . . , n. The function z s t is invariant under the transformations 
/ij, change sign under g and z st (f(m,n)) = z s t(m,n) + 2. Moreover, 
are invariant under all the above transformations (and their inverses). For a G Z put 

W a = {(m,n) GZx5| z st (m,n) G]2a, 2(a + l)[\{2a + 1} }. 

For any a G Z there is a bijection between W a and Wo; namely (m,n) G W a is maped to 
/i^ 1 . . . f~ a {rn,n), where (k\, . . . , fc n ) G Z n is the unique tuple of integers such that rij + a(3j + 
kjOCj G {0, l,...,otj — 1}. Finally we partition Wo into the two sets 

Wo 1 = {(m,n) G Z x 5 | z st (m,n) g]0, 1[ }. 



( m ,n) and cj£ ja) , i G 2Z> , 
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and Wq = Wo \ W l and observe that there is a bijection between W l and Wq constructed using 
fg and the hj's. We have thus shown 



Corollary 5.15. Let Z[r) = Z(X;r). Then 



Z- mt) i(r;N) = y/r ^ ^ exp (2irirq {m „ } ) c^' s) r 2. 



0<i<JV (m.n)eXi 

where g( m) „) is given fry ffTTTTfl and c^'™' 1 is given 6j/ (J^HJ - 

Finally observe that |<?(/i, n)\ = 2~ n for all (p, n) G A by ()79|) . Thus the estimate for Ri(N; 5) 
given at the end of Proposition 15. 141 is valid. 

5.1.4. An asymptotic description of Z[ nt ^(6, n)'s contribution to Zi nt (r). We will follow 
the same strategy as in the analysis of Zi n t,i(<5, n), i.e. we will partition the expression Zi nt ,2(6, rj) 
into simple and manageable pieces, one piece giving the main contribution and the remaining 
ones adding up to a remainder part, which is small in the large r limit compared to the main 
contribution piece. 

Let us in the following assume that q(m; A) 7^ for all m G Z and all A £ A. By periodicity 
and continuity of q it then follows that there exists a p > such that q(z; A) 7^ for all 
z G U me zD(m, p) and all A G A. Assume also that the positive parameter i] < p. 

Let A G A be arbitrary but fixed and suppress A from the notation everywhere. By (|101[) we 
have 

F + (y;/,5,n) = exjp(-irArj 2 )G + (y; I, 6, rj) exp(irvly 2 ), 

where 

G(y; I, 5, rj) = e~* %+ if ?+0 2 + ^ + exp(-2r^nn) 

sin fc (7r?/) 

and G + is the even part of G, i.e. G + (y; I, 6, n) = (G(y; I, 5, rj) + G(—y; I, 5, n)) /2. We note that 
G + is entire if k < 1 and analytic on D'(0, 1) with a pole in of order m > if k > 1, where 
m is the biggest even integer less than or equal to k. Write G(y; I, 6, n) = J2^L-k c «(^ ^ 7 ?)^' S f° r 
y G £>'(0,1). Then 

00 

G + (y;l,6,r,) = 5, 7])y v ~ k , 

where 



i>=0 



(^(i, 6, rj) = 0<">* (y; I, 5, rj) , (126) 

TrV! a y=0 

where 



Z, 5, n) = e ~^ + ^ q{y + irj + l) exp(-2rAny) — ^- . (127) 

Vsm(7ry)y 

By (|l()2j) the relevant integrals to examine are f c F + (y; I, 6, n)dy = exp(— irArj 2 )I(l, 5, rj), where 
we write C v for C(A, rj) and 1(1,6,7]) = f c G + (y; 1, 6, rj) exp (ir^4y 2 ) dy. Let A r G Z> be arbi- 
trary but fixed in the following and write 

N 

G+(y;l,6,7]) = £ ^(Z, J, rj)y v ~ k + .R/v(y; Z, 5, rj) 

v-k£2Z 
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for y G L>'(0, 1). Put 

N 



n ^ Cr? 



v=0 



e(N;l,S, V ) = I(l,5, V ) - I(N;l,S, V ). 

To decribe e(N;l,S,rj), let C^(t) = e^ slgn( - A h — ir) be a parametrization of C^, and let C° and 
C~ be the restrictions of C v (t) to [-1/2, 1/2] and R\] - 1, 2, l/2[ respectively and put 

7„(l,«„) - / G+toW,)^, 
Ji{N;l,S,n) = / R N (y;l,S,r,y rAl/i dy, 

TV 

J 2 (N;l,5,r,) = - / J/"-V rA * a dy. 



J (7° 



Then 

For A G A put 



e(iV; I, 5, rj) = /oo(Z, <5, 77) + J^iV; Z, 5, rj) + J 2 (iV; Z, 5, 77). 



Z G Z 



27T 7T 

Lemma 5.16. There exists a 772 > snc/i f/iai the infinite series 

aga /e/ A 

aga «g/ a 

S 5 (iV;<5,7?) = ^ 5 (A)e-^ 2 ^/3(/)J 2 (iV;/, ( 5,r / ) 
AeA ze/ A 

are absolutely convergent for all 5 > 0, a// 77 g]0, 172] and all N G Z>o- We can choose 172 > 
snca i/tai a// i/ie a&oue series are uniformly convergent w.r.t. 77 on ] 0,772] /or each fixed 5 > 
and AT G Z>o- 

Moreover, by choosing 772 sufficiently small, there exists a ro G Z>2 and a <5o G]0, oof suc/t i/iai 

S 6 (<5,77) = ^a(A)e—^ 2 ^/3(0/oo(^5,r?) 
AeA «e/ A 

is absolutely convergent for all 5 g]0, So], 77 g]0, 772] and r G Z> ro; and snc/i that £ 6 (<5, 77) is 
uniformly convergent w.r.t. rj on ]0, 772] /or eac/i /ixed 5 G]0, <5q] and r G Z> ro . 



The proof is given in Appendix E. By the above lemma (and proof of that lemma) we get 

(N;S, 77) 



^int,2(^;o) := lim Z inti2 (AT; 0, 77) 

»7->0 + 
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where we have also used 1)146(1 and where d u (l,5,0) is equal to d v (l,5,rj) with 77 = 0. Similarly 
we find that 

Z"(N;S):= lim E^iV; 5, r,) = V <?(A) V P{l)J v - 3 {N; I, S) 

■n— »0+ ' — • ' — • 

AeA ze/ A 

for v = 4, 5, where Jk(N; 1, 5) is equal to Jk(N; I, 5, 77) with 77 = 0, A; = 1, 2. Finally, for 5 e]0, o~o] 
and r E Z> ro we get 

£ 6 (<5):= lim £ 6 (o,n) = V 5 (A) V/9(Z)/oo 

ri— >0+ ' — » ' — » 

AeA iai x 

where Ioo(l,5) is equal to Iooih^^v) with 7/ = 0. (That lim^_>o + -^00 {1, 8, n) = 1^(1,6, 0) and 
lim 7? ^o + Jk(N; 1, 5, rj) = Jk(N; I, 5, 0) follows by Lebesgue's theorem on dominated convergence.) 
Thus, for S e]0, Sq] and r E Z> ro , we have a decomposition 

Z int> 2{6) = Z- mtj2 (N;S) + R 2 {N;S), 

where 

i? 2 (iV; 5) = 5(A)e— A " 2 £ /3(Z)e(iV; 1, 5) = S 4 (iV; 5) + S 5 (iV; 0) + £ 6 (o), 
AeA ie/ A 

where 

e(iV;Z,<5)= lim e(N; I, 5, 77) = /«,(/, 5) + Ji(iV; Z, 5) + J 2 (iV; Z, 5). 



The task is now to calculate 



(r;JV) :=r lim v^Z int , 2 (iV; <5) 
0^0+ 



and estimate R2(N;5) for small 5 and large r. For the next proposition, recall that e(N;l,5) = 
e(N, A; I, 8) depends on A E A. 

Proposition 5.17. With notation from above we have 

AeA V'H 2e/ A modM A 

x 



u=0 

y-fce2Z 

where 

iry 



y=0 



h{y;l) =q(y + l) 



sin(7ry) 

and is i/ie Zeasi common multiplum of 2, m q , 6(A) and -P(A), where m q and P(X) are the 
integers in ((81(1 and 1(87(1 respectively, and 6(A) is an integer such that b(X)B{X)/ix E Z, see ((89(1 , 
Moreover, let 5q > and ro E Z> 2 6e as in Lemma 15.161 For each N = 0, 1, 2, . . . and eac/i 
AeA t/iere exists a function 5 1— ► e 2 (N, A; 5) on ]0, <5o] (a/so depending on r) such that 

J2\e(N,\;l,6)\<e 2 (N,\;6), 

/or a// 5 e]0, So] and r E Z> ro and such that rlims->o + vSs 2 {N, A; S) exists and is O (r 2 J 

on Z> ro , where v\ E {JV + 1, JV + 2} sitca that v\ — k E 2Z. /f |<?(A)| is independent ofr it follows 
that there for each N = 0, 1, 2, . . . exists a function 5 1— > £ 2 (N; 0") on ]0, o~o] (ateo depending on r) 
such that 

\R2(N;5)\ <e 2 (N;8), 
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for all 5 £]0,So] and r G Z> ro and such that rlimj_ > o+ v<fe2(-^;o~) exists and is O (r 2 I on 
Z> ro , where i>\ is as above. 

Proposition 15 . 1 71 is proved by applications of Lemma 17. II The estimate on B,2(N; 5, rj) mainly 
follows from the proof of Lemma 15.161 We give the details in Appendix E. 

Let us finally restrict to the Seifert case, where the relevant data are given in (|79|). Here we 
have that m q = 2 A = 2 IIj=i a j- For all A G A we can let 6(A) = A and P(X) = 2A. Therefore, 
we can put M\ = 2 A in Proposition 15,171 and find that 



£int,2 (r;iV) 



e ^sign(£) 2f 



E E 



A/ ^1^1 ^ 2 A 
V 1 1 /xe{±l} n neS 



E ^.a) 



ISZ mod 2A 



A' 



E ( rvrj g; J 



f=0 
y-nS2Z 



a £ g+2 -p / v—n—a e g+3 



where 



%;/) = expl -ml^^j (y + Z) 



V" '' ' I / 



Try 



d^h(y;l) 



sin(7ry) 



n+a t g—2 



For Z G Z arbitrary but fixed we put = rij + \(3jl for n G Z n and obtain by (|7H|) and (|HT|) that 



Y[fJ,j ) k(l,fi,n'), 
vJ'=i 



where 

= (-l) ni e 2mr9 a.s') exp 
where <?(i, n ') is given by l|4U|). Therefore 

g f sign(i?) 



^int, 2 (r;JV) 



E E E 

fie{±i} n \i=i / nes lez mod 2^1 



2V 



i^ — n — a g g + 2 -p / f— n — a e (/+3 



iy=0 

i^-n62 



di v) h(y;0) 



y=0 



Since k(l, /x,n') and the condition X^=i ^~ ^ ^ are invariant under the transformations ^Z n 
iZ n , nf nf + aye-, j = 1, 2, . . . , n, we get 



^int, 2 (r;A0 



e 4 



sign(£) 



TI-n+a.g-2^ V 2 / V 27t| j E' 



2V 

£ 

i/=0 
y-ne2Z 



iy — n — a e g + 2 t-i / V — Tl — a e + 3 

i2 \ 5 1 I 2 
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ZSZ mod 2^/ie{±l}™ \i=i 



£ fc(i,£,n')0M%;O) 



y=0 



where J; is given by (|115() . For fixed (p,n') we have that k(l,fj,,n') is periodic in I with a period 
of 2. Moreover, the sum „/ is periodic in I with a period of 2. Therefore 



^int, 2 (r;iV) 



Tj-n+aeg-2 \2 J ]j 2tt\E\ 



2) Vme| § ("^) 



i/=0 
i/-nS2Z 



» e e n« 

ZeZmod2 M e{±l}" \j=l 



E™ 

Finally, if J ; ' is the set in (|116j) . we can change the sum „/ to 



y=0 



I'eJl : E?=l ^ 



E 

M'G{±l} n 



E 



: E - =1 



ili=i Sym z± (^) 



if we everywhere change n'j to fijUj. By this we end up with 



Z- mt , 2 (r;N) 



e « 



sign(£) / • \ n 



Tr n + a t9-2 \2 J \l 2n\E\ 



— n — a g g + 2 p / J/ — n — a e £ + 3 

2 1 I 2 



i/=0 
f-nS2Z 



E E E E 

Z mod 2 /X6{±1}« /Lt'6{±l} n 



tt'.n . 

n'6J/ : E? =1 -if ei 



n"=i Sym z± 



11^ I (- 1 ) n ' eX P ( 27rir 9(/,n')) 



x cxp 



y=0 



By evaluating the sum over fi we arrive at 
Corollary 5.18. Let Z{r) = Z(X;r). Then 



N 



Zint,2{r)N) = y/r ^ E eXP ( 27Tir( l{l,n>)) C J 



Pa'). 



where qa )n ') is given by (|40|) anc? c^/~ ^ is given by (|50f) . where v' = (v — n — a e g + 2)/2. □ 

As already noted after Corollary 15.151 we have that \g(n,n)\ = 2~ n for all (fJ-,n) £ A so the 
estimate for i?2(iV; <5, 77) given at the end of Proposition 15 , 1 71 is valid. 
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6. Proof of Theorem 14.41 



In this section we calculate the large r asymptotics of Z(r) in (|76[) in case ^4 = 0. Like in the 
case A / one can calculate this asymptotics by finding a good deformation of the integration 
contour (the real axes) of the integral 



I(m,A) 



f(z;m, X)dz 



to some other contour (depending on (m,A)). However, in this case we do not have a natural 
choice of a good such deformation, since the steepest descent method is not applicable. In the 
case A ^ we saw that by deforming the real axes in I(m, A) to the steepest descent contour 
we obtain an integrand with an exponential decay of the form e~ ct with c a positive constant. 
It turns out that we can again obtain integrands with an exponential decay by deforming the 
real axes to a line parallel to the real line and lying in the upper or lower half plane depending 
on the sign of a certain parameter. Like in the case A ^ this leads to a decomposition of Z{r) 
into a residue part and a part being equal to a limit of a certain infinite sum of integrals. If 
ao — kn < we can show that this limit is equal to zero, ao being the constant in (|80|) . However, 
if ao — kn > 0, we have not been able to find a nice reduction of the expression involving the 
infinite sum of integrals. Let us give the details. Let q{z) be an r independent function satisfying 
(|80|) and (jST]) , Let us write q(z) = qQ(z)qi(z), where 



<?o (z; A) 



(129) 



with C(A) G Q for all A G A. In particular q\ is independent of r and satisfies (|8U|) and (|81|) with 



the numbers m„, a n and b n replaced by some other numbers m! 



in. 



, a' n and b' n . We will 



use this splitting in a flexible way. In particular we are interested in the extreme cases, with q$ 
respectively q\ being constantly one. We have 



f(z;m,X) = e 
with B = B(X) and C = C(A), so 

lim \f5 lim ^~ ^~ 



exp (2iTir [m + £ + £c] z) 



Sin 7T (z 



irj)) 



Z(r) 



meZAeA 



9(A) 



-dz, 



where v(m, A) = m + ^ + ^Q. For R G Z + |, f G 



sin fc (7r(z — ir/)) 
and p G]0,oo[, let j(t) = j(„ }P}R )(t) 



R + isign(u)t, t G [0,p]. Here sign(0) G {±1} (both options will be used). Then 
f(z;m,X)dz = isign(z^)e 2 



e™ 5 ** qi(R + isiga(u)t) 



g— i2nS Rsign(u)t g— 2irt\i/\t 

sin fc (7t(jR + «(sign(i/)t — 77))) 



dt, 



so 



/ f(z;m, X)dz 


< b' e^ SR2 [ 


J-y 


Jo 



T 5t 2 



e a' (m' q +t) e -2wt\v\t 



|sin (tt(R + i(sign(u)t — rj)))\ 
By (j!32j) and our choice of R we have |sin (n(R + i(sign(f)i — r/)))| > 1 so 



-dt. 



/(z;m,A)dz 



ga^ e -27rt|x,|t dt 
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Here the integral on the right-hand side is finite and independent of R, hence J f(z; to, X)dz 
converges to zero as \R\ — ► oo. Now put M(m, A) = if sign(z^(m, A)) = —1 and 

M(m, A) = 2vri ^ Res z= i +ir) {f(z; to, A)} 

lei 

if sign(z/(m, A)) = +1. For the following, let rjo > be arbitrary but fixed, and let Kv(t) = t + 
isign(z/)p, t G R, for p > rjQ. Moreover, let J be any subset of I = {(to, A) S Zx A | zv(to, A) = 0} 
and let sign(z^(m, A)) = 1 for (m, A) € J and sign(z^(m, A)) = —1 for (to, A) G I \ J and put 



i/(m, A) 



^olar(M) = £ S(A)M(TO,A). 

(m,A)eZxA 

Lemma 6.1. For any JCI i/ie infinite series Zf nt (5, rj) and Z^ &r (5, n) are absolutely convergent 
for all 5 > and rj £]0,rjo\. In particular 



Z(r)=r lim lim (z4(«5, r?) + Z^(5, r/)) 



/or any smc/i subset J. 



The proof of this lemma is given in Appendix F. By the estimate (|156|> the series Zf nt (8, n) 
is uniformly convergent with respect to r\ on an interval on the form ]0,r/o]- Using this and 
Lebesgue's dominated convergence theorem we get 

Zi t (5) := lim Zi t (S, V ) = E E 9W I fo{z;m,X)dz, 

■n— >0+ * — ' ^ — ' / K p 



where 



fo(z; to, A) = e 



meZ AeA 
.^2 qi ( z ) e ^irv(m,\)z 



sin (7rz) 



Let = \/e 27T P + e _27r /> - 2. Similar to (fT56l) we have 



fo(z;m, X)dz 



e -<5p 2 e -27rrp|i/| 



and then 



Vfc&W < 6' e a o(S+P) C 2 V ^ J- \g(X)\ £ e" 2 -H 

^ a P J AeA mez 



for all p > 0. (Note that this estimate is independent of J.) Therefore (below we show that 
lim,5^o + V / 51im^o+ -^poiar v) exists, hence that lim,5^o + ^Z- T nt (V6) exists) 

_ k 

lim VSZ-^S) 



^ AeA mez 



Here 



r e - 2 ^h+s+^l < e~ 2 ^l x ldx + max( e - 2m ' p|a;| l 

m£Z J 00 

/•oo -i 

= 2 / e- 2 ^'dx + l = 1 + — . 
Jo Krp 
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In the limit p — ► oo we have d p ~ e np so e a '° p /d k p ~ e^ a '° fc7r )P ; and since Z^ t (5) is independent of 
p e]0, oo[ we find by letting p — > oo that 

lim VSZi t (5) = 

for any J <Z I if a' — kn < 0. Thus, in that case we have that 

Z{r)=r lim \/5 lim Z^ olar (5, r?) 

for any J, hence the right-hand side is independent of J in case a' — kir < 0. Thus we can 
conclude that non of the terms with (to, A) E I contribute to Z(r) in that case. For (to, X) £ I 
we have 



lim M(to, A) = 2vni V(-l) fei Res z=0 | e" 



sin (irz) 



1&. 

Here (— l) kl q\(z + /) is periodic in I with a period of 2m' q , thus by the standard argument we 
obtain 



2m' q -l 



lim V~S lim M(m,A) = 4 T (-if Res, =0 ( gl( f + 1 
5^0+ v 7 S ^ lsin fc (7rz)J 

and by the above argument this limit is zero in case a' — kir < 0. If qi{z) = 1 (so m' = 1 and 
Oq = 0), this is the trivial statement that 



S ( - 1J " B — {s?U} =a 



We calculate rlim5^o+ V / 51im J ^o+ -^poiar r ?) by using some of the same techniques as in the 
case A ^ 0, however, this case is much simpler. Indeed we have 



ZJ 013I (6, V ) = Ai(5, V )-Ai(5,r ] ) + 2m^2^2g(X)e 2 M^()\- 1 f 

zez AeA 

Sym ± (^(TO, A)) 2 sin fc (7r(2; - irf)) 



where 



A/ (5, T]) = iri 



I sm k (ir(z-ir,))) 



3 

(m,A)eJj iez 

for j = +, — , where J+ = J and J_ = I \ J. Since the summation limit in the sum over to is 
independent of I we can immediately use Lemma 15.71 to obtain 

Z p J olar (£, n) = A J + (5, n) - Al (5, r,) + 2tt^ £ s(A)e 2 ™(£ +&C)i ( _i)« 

iez AeA 

W sm (7r(z — iT))) 



+ E 



0<m<|^- + J-Cl 





f ^ S(z+l) 2 gi(z+ Z) e - 2 " raign (^+^0(— 1 £+^c|>l 




r 


sin fc (7r(«— it))) 


Sym_ t (TO)Sym_ l _ (to — 


2tt + 2rC|) 
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Like in the case A ^ we get by uniform convergence that 

^polar(^) : = Km ^polar(M) = ^polar(M)- 

Finally, since -B(A) and £(A) are rational for all A G A we arrive via Lemma 17.11 at 



Theorem 6.2. The limit Z^ olav (r) = rlim,5^o + V'^poiar(^) exists. In fact, there exists a family 
of positive integers {M\}x^a such that 

Z'U^r) = r K(r) - Ai(r)) + 2 m r £ ^ £ <?™^ + ^) 1 (-!)« 



AeA ZeZ mod M A 



x I -Res 2=0 



51 



sin fc (7rz) 



cot(7rrz) 



+ E 

0<m<|^- + J-C| 

— — I 27T ' 27" ^> I 



si e n (If + 5=0 Res z=0 < 




n 


sin fc (7rz) 


Sym_|_(m)Sym_|_ (m — 


2tt + 2r^!) 



where 



4M=« £ # £ (-d"W„{ 

(m,A)e Jj «£Z mod M A , ~ 



gl(z + Q 

sin fc (7T2;) 



/or j = +, -. // a' - vrfc < 0, then Z(r) = Z p J olar ( 
j = +, — m i/ia£ cose. 



/or any J C J. In particular, A J Ar) = 0, 



The disadvantage with the above expression for Z(r) is that the summation limit depends on 
r (except in the extreme case where gi = q, where £(A) = for all A £ A). Let us derive a slightly 
different expression valid for all large r avoiding this problem. Let A G A. If B(X) 6t \ 2-7rZ or 
C(A) > we can choose a positive integer r\ such that 



m G 



- + ^ + ^C(A)>0 
2tt 2r 



m G 



B(X) 
m+ -EE > 



2tt 



for all r > r\. If -B(A) G 27rZ and £(A) < we can choose r\ such that 



m G 



m G 



£(A) 

m^ — > 

2ir 



for all r > r\. Put ro = max{r^} Ae7 v- For r > ro we have 



J polar 



A^S, n) + 2ni ^ £ 5(A)e 2 " ir (^ + ^ ? ) / (-l) M 

: gi(z + /)e 27rir ^( m ' A )^ 



ZeZ AeA 



^ Res 



Z = IT\ 



-TT5(z+iy 



sin (7r(z — zr/)) 



m+^>0 

27T — 



where 



ZeZ AeA 

B62ttZ; C<0 
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We therefore have 

Z^frr,) = A 1 (5,r ] ) + A 2 (6 1 r ] ) + 2 m ^^g(\)e 2mr (£+^(-if 

lez AeA 

: qi ( Z + iy™u(m,\)z 



V Rcc • ie-^+O 21 



m(-Z 



Sym ± (m + Jjr) ^ 1 sin fe (7r(2; - in)) 



where 



^ I sm fe (7r(z J 



ZeZ AG A 

Be2 



We note that 
where 



4i (5, ") + -42 (S, v) = A+ (5, v) + A (S, v) ~ A„ (5, n) , 

A j {8,r J )=iri^2 E g (A)e^(-l) fc 'Res^ \e~^ q f ± ^ } 
T^ tt. y sin (7r(z — vrfj) J 



for j = +, 0, -, where Aj = {A G A | B G 2vrZ, j£(A) > 0} for j = +, - and A = {A G A | 5 G 
27rZ, £(A) = 0}. Similarly, we find that 

^olar(^ ") = ^ 7?) - A (6, V ) - A_ (6, V ) + 2VT, E E *( ^ + ^ ( - 1)" 

«ez AeA 

x V 1 Res • L-^ z+l) ^i(z + l)e^ m ^ \ 

Sym ± (m + f) 2 1 sin fe (7r(z - J 



mez 

_B_- 



m+£>0 



By letting 1+ = I and 7_ = we therefore have 

Theorem 6.3. There exists a family of positive integers {M A } A eA swc/t t/mi 

= r (A + + TA -A_) + 2irirJ2^ E e 2 ™(£+£0<(-l)*< 

AeA A leZ mod M A 



x -Res z=0 < — rz — : cot(Trrz) 



2 



sm k (irz) 



+ E 



°<™<l5ll 



sign(£)Res 2=0 < 


f < ?1 ( 2 +o^ ir ( sign(s)m+ ^ + ^ c ) z 1 


sin fc (7rz) f 


Sym ± ( 


m)Sym_|_ (m — 


£1) 



/ 



/or a// r > ro and r = +, — , where Aj = lim^o-f. lim r; _ + o + A?vA *?) *s given by 
^ = "E# E e*(-l)"Res„„{?l(i±^ 



AeA.,- ZgZ mod M\ 

for j = +, 0, — . // a' — /c7r < ; i/ten Z(r) = Z^ T oUr ,(r), r = +, — . 7n particular, A$ = m i/ns 
case. 
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If qi = q (so £(A) = for all A € A) and ao — kir < 0, then Aq = and A_ = A + = since 
Aj = 0, j = — ,+. Note that Theorem 16.31 is a corollary of Theorem 16.21 in this case. In fact 
(m, A) i — > A defines a bijection I —* Ao and Ao = A^_(r) = A_(r) (which is independent of r in 
this case). 

Let us finally take a closer look at the Seifert case, i.e. the case Z(r) = Z(X;r). Then 
q(z) = exp ^— in (Y^J =1 j^J 2 J and B = — 27T Y^j=i 7T- By usm g Theorem 16 . 21 and Theorem l6.3l 
directly we would end up with a result similar to Corollarv l5.101 As argued below that corollary 
we obtain in this way a sum with pairs of terms with the same Chern-Simons value. We will 
therefore follow a strategy similar to the one followed after Corollary I5.1UI 

Recall that we always assume that a e g is even. We will futher in what follows assume that 
n + a e g — 2 > 0. This is not a serious assumption. Since we treat the case n = as the case 
n = 1 with (a\,Pi) = (1,0) we have n + a e g — 2 > except in case g = (hence e = o) and 
1, 2. Since we futher assume that E = 0, we find that X = S 2 x 5 1 in these cases (compare 



n 



with |.TN| Sect. 4 pp. 28-31] and the discussion following Theorem 14.4)) . 

Let us first put qo(z) = q(z), so £ = £(/_t) = — J2]=i Since q% = 1 (so a' 
the general argument that 

Z(X;r) =r lim lim Z^ olar (<5, 77), 



0) we get from 



where 



^polar(^ V) 



l& fi£{±l} n n&S 



Res 



z=l+ir] \ 6 



sign(i/(m,/^,n))=l 



-7r5. 



.2 e 



2iziru(m,fi,n)2 



sm 



n+a t g—2 



(tt(z - iff)) J 



where i/(m, /x,n) = m— V" izr~jr— j 1 an d q(/^. n) is given bv (fT5|) . Here sign(i/(m, /J, n) = 
1 if (m, /i, n) £ J and sign(zv(m, fx, n) = —1 if (m, /i, n) 6 J\J (so here the terms with v{m, /i, n) = 
do not contribute to Z(X;r)). Let us specialize to the case J = I and let us write Z vo \ w for 
Zp olar . Like in the E ^ case we first rewrite the above expression by introducing n'j = nj + ^{3jl. 
This leads to 



x 



E 



Z P oU5,v) = Ai(6, V ) + 2m(^) ^(-1)^ ^ exp(2vrirg ( ^ ) ) 



n'EJi 



x e n ^ exp 

£te{±i}« y=i / 

1 



.7=1 v J 7 



mgZ 

v(m,/^,n'))>0 



Sym ± (i>(m,/z,n')) 



Res 2:= j ? y \ e 



-7T<5(2+0 2 



Sill 



(vr(z-ir;)) J ' 



where Jz is given by (|115|) and 



^(0,77) = TTi 



Y^i-IT 1 Yl exp(27r*rg (I>a / ) ) 



2ez 
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x E n^ r xp 

^e{±i}« \j=i 



J'=l 



x 



<5(z+0 2 



sm ri+a£ f- 2 (7r(z - if;)) 



u(m,ii,n'))=0 



Note that ^Z?=i ^ = S?=i since E 1 = 0. Like in the case E / we can change the sum 

^ ^ - - 

M'e{±l}»n'6J{ n"=i s y m z ± 
if we at the same time substitute fjfjiij for n 1 - everywhere. This leads to the identity 

r- exp(2mrq {l ^)) 



^poiar(^) = A I + (S, V ) + 2ni[-) ^(-^E 



* E 

At'e{±i}™ 



e e n« 

mez /xe{±i}™ y=l 



gj/ n™=i Sym z± y 

1 



Sym ± (u(m,fM,n',fj/)) 



x exp 



27T* 



i 



a*-' 3 " 3 'I' 1 



xRes 



z—vq 



-ir6{z+l) 



2 e 



27rir^(m,/i,n',/i')z 



sin 



n+a e (;— 2 



(*■(*- «7)) 



where J/ is given by and v(m, fi,n', fi') = m — Y^j=i ^r J ~ ~ Sj=i By an application 

of Lemma 15.71 we thus find that 

Z po U5, V ) = Ai(5,r ] )+2Ki( l -)Y J {-V nl Y. 



ieZ n'GJ/ rii=l S y m Z ± ( „ 



x eKp(2irirg (Iifi0 ) ( (6, V ) + > (6, rj) ) , 



where Zq'~ ^ (5, rj) is given by ()118() (with E 1 = 0) and 



e e n« 

M'e{±i}" /xe{±i}™ y=i 



cxp 



E 

mSZ 

0<m<|a| 



sign(a) 



Sym_|_(m)Sym_|_ (m — |a| 



xRes 



z=ir) 



-TV8{Z + 1) 



exp (27rirsign(a) (m — |a|) z) 



sin 



n+a ^- 2 (vr(z -if?)) 
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where a = a(/i,//,n') = Y^j=i + Xw=i Since the terms with u(rn,fi,n) = do not 
contribute to Z(X;r) we have lim,5^o + V<5 lim,j_>o + -<4+(5, r?) = 0. The first part of Theorem 14.41 
thus follows by calculating rim,5_>o + v / <51im j; ^o + Z po \ aT (5,rj) like in the case E / 0. 

Like Theorem 16,21 the disadvantage with the above obtained expression for Z(X; r) is that 
the summation limit in zf'~\r), see Theorem 14.41 depends on the level r. Let us proceed like 
in the proof of Theorem 16.31 to obtain a slightly different expression for Z{X\r). In fact, there 
exists a positive integer ro (depending on X) such that 



A+(S,rj) + tA (5, tj)-A-(S, tj) 



\) E „ ' /„— exp(27rirg (JiS , ) ) ^ 



+ 2 - 5 E 



At'e{±i}" 



- e n« e 

/iS{±l} n \j 1 / 



Sym ± - £)? =1 



x exp 



2vri /ij 
3=1 



xRes 



z=ir] 



-tvS(z+1) 2 



D 27Tiru(m,ii,n' ,fi')z 



sin 



(tt(z - if;)) 



for all r > ro, where v(m, a, n , u!) = m— Y]"-i - 1 — L — ^- y^?_i — as above and 

IV V(-h"' v 1 



Aj(8,r}) = ni 



E(-!) n ' E — 

zez n'eJ/ ]lj=i s y m z 



^r- exp(27rzrg (/i „/)) 



x e i ,,x|> 

(H,H')EA(n',j) \j=l 



3=1 



xRes 



z=vr\ 



-tt5(z+1) 



2 cxp 



sin 



n+a e g— 2 



for j = +, 0, — , where 



A(n',j)= (ft^')e{±l}"x{±ir 



-sigr 



(tt(z - irj)) 



" M 



j=i 



3=1 



where sign(0) = 0. (Note the minus in front of sign ( X^i=i it ) °-ue to the fact that £ = £(//) 



Sj=i ^0 By Lemma 15.71 we then find for r > tq that 



E(-^E — 

ZeZ n'6J ; ' n"=l S y m Z± ( a 



r- ex.p{2mrq^ R ')) ( 2Z^'- } (<5, 77) 

7 \ V 



-2Zj , ^(«,^)+4' a '>(* > i 7 )+T4 , - a, J(* > i 7 )-^(5^)j , 
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where Zq'~ ^ (5, 77) and z[ l '-\§, rf) are given as in the case E 7^ 0, i.e. they are given by respec- 
tively (fTT%|) and (fTT^ with E = 0, and where 



4^(5, r,) 



E [lli'j * 

(/^')eA(n'j) V=l 



3=1 



Pj / / 
— /in- 
a, J J 



1 

2^ 



xRcs 



Z = IT\ 



-nS(z+l)' 



exp 



™ E?=i 



n Hj 



sin 



n+a e g— 2 



(7r(« - ir/)) 




for j = +, 0, — . This expression leads to 

Z(X; r) = Z po i ar (X; r) + rZ spcc (A; r) 
for r > ro, where Z po i ar (A; r) is as in Theorem 14. II (with £7 = 0) and 

Z spcc (X; r) = ^ b (l,n') ex P( 27Tir <l{l,n')) ( A +~ ) ~ A ~~ ) 
where T2 and bn n i\ are as in Theorem 14. II and 



A 



(l,n>) 



TTl I I 

ill 



xRes 



z=0 



(£t,/£')6A(n'j) y=l 

exp [-7ri (e™=i TiJ 
sin n+ae »- 2 (7r«) 




e ( n a*j 1 1 2?r * e ^ 



j'=i 



(130) 



for j = +, — . (Note that we necessarily have lim^o-H v / ^lini r? ^o + Aq(S,t]) = 0.) 

Now put qi(z) = q(z) (so qo(z) = 1, £ = 0). In this case ((80)) is valid with ao = 7rEf=i 77" 
(and 60 = 1). Assume in the following that ao < vr(n + a e g — 2). Then we have from the general 
case, see Theorem lfi.21 that 



where 



Z(X;r)=r lim Vs Urn 2^.(5, 77), 

<5— >0+ »7— »0+ K 



27 ™U) E(-!) n ' E exp(27rirg (I>a0 ) 



x E 

MS{±1}' 1 \i=l 



exp 



3=1 



Pj 1 1 , 
— n„- (Tot 

aj 3 2 j 



Res 



z=%r\ 



-ir5(z+l) 2 v( z ) e 



2mrv(m,n ')z 



mez 
sign(i/(m,n'))=l 



Sill 



n+a P g— 2 



(vr(z - m?)) ) ' 



where z/(m,n') = m — Ej=i 7," an d sign(i/(m, ra')) = 1 if (m, n') G J and sign(^(m,n')) = —1 if 
(m,nf) G J\ J, where J is any subset of /. By the same proceedure as used above we immediately 
get that Z{X;r) = Z po i ar (A; r), where Z po \ a _ r (X;r) is as in Theorem 14.11 (with E = 0). A 
comparison with Q13UJI reveals that Z spec (^; r) = for r > ro in case ao < 7r(n+a e g— 2), and since 
the qn,,n')' s are rational, we in fact have that Z spec (X;r) = for all levels r if ao < ir(n + a t g — 2). 



83 



Let (I, n') G Z2 be fixed. If // G {±1}™ satisfies that X)?=i ~17~ L e ^> then the same is true 
for — //. Moreover, if fi G {±l} n satisfies that X^?=i £r < 0, then — \x satisfies the opposite 
inequality. These observations show that Z spec (X;r) is given by the formula in Theorem 14.41 

The level ro is chosen so that we for all r > ro, I G Z and (/i, //, n') G {±l} n x {±1}™ x 
have 



m G 



E 



1 



m 



case £? =1 £0Zor £" £i < 0, and 



3=1 J 
n 



3=1 J 



m G 



m 



3=1 



m G 



m 



E 



1 a 3 
3=1 J 

in 



3=1 J 



m G 



m 



y^3 >Q 

^1 «3 

3=1 J 



if E]"_i — G Z and — > 0. In particular we can put ro = 2 (the minimum level) for n = 1. 

In general we see that r only depends on the pairs of Seifert invariants (aj., . . . , (a n ,/3 n ) (so 
is independent of the data for the base space, i.e. the genus 5 and the invariant e). 



7. Appendices 

We have in the following appendices collected material of a technical nature. 

7.1. Appendix A. The periodicity lemma. The following lemma is proven in bigger gener- 
ality than needed in this paper. However, to make parts of the ideas in this paper useable to 
other situations, in particular to multi-dimensional cases, we give it in this generality. One can 
find an even more general version of the periodicity lemma in jHTJ Appendix], where it is used 
in a multi-dimensional setting. 

Lemma 7.1. Let F : Z n — > C be a function periodic in all variables with a period of Ni in the 
ith variabel. Let Pi(x) = AiX 2 + BiX + Cj be polynomials with complex coefficients such that 
Re(Ai) > for all i. Then 



Nx-l N n -1 

E-E 

fc 1= k n =0 



F(ki, ...,k n ) 



\i=i / (fci,...,fcn)ez n 



E 



-Tref(e)(P 1 (ki)+-+P n (k n )) F , ki ^ . fcj 



for all functions f :]0, Eq] -^]0,oo[ with lim £ ^o+ /(e) = 1> where Eq > is arbitrary but fixed. 



Proof. The series £(k 1 ,...,fc n )eZ» e 
by periodicity of F, hence 



-iref(e)(P 1 (k 1 )+-+P n (k n )) 



F(k\, . . . , k n ) is absolutely convergent 



£ e -^/W(ft(fcl)+-+Pn(fcn)) F ( fcl> . . . > fcn ) 

(fcl,...,fcn)6Z" 
Nl-1 Nn-1 



E ••• E nyi .a.) E 

31=0 j n =0 (ki,...,kn} 



-JTef(e)(P 1 {j 1 +k 1 N 1 ) + - + P n (jn+knNn)) 
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Thus we have to show that 

lim y/ey/ANQie) = 1, (131) 

where Q(e) = Y.kei e~ VBf ^ p ^ +kN ^ for a polynomial P(x) = Ax 2 + Bx + C with Re(A) > 0. 
Let j G {0, 1, . . . , N — 1} be fixed. By Poisson's formula (|72jl we have 



oo 

2 



e J7rimx e -ire/(e)PCj'+xJ\0 ( j a 



which is a sum of Gaussian integrals. Thus 

Q (e) - e ~^ £)C exp (*^T\ V e-^-exp f *—m 2 

where k(e) = sf{e) from which it follows that Q(s) is absolutely convergent. The term coming 
from m = gives the contribution 

lim — ■==- exp — — = 1 



to the left-hand side of ()131|) , To see that the remaining part is zero we simply note that 

6 AN ^{-AHeW m 

meZ\{0} v v ' 

where the factor in front of the m-sum in the right-hand side converges to zero as e — * 0+ 
and the m-sum in the right-hand side is majorized by the convergent and e-independent series 

Smez\{o} ex P (~| 2Ae N' 2 rn2 ~J[N~^ m ) on an interval on the form ]0, ei], where £\ < Eq is 
chosen such that f(e) < 2 for all e G]0, £i]. □ 



7.2. Appendix B. Proofs of Lemma !5.4L Lemma 15.61 For the following proofs we need 
certain estimates. Let a v (t;m, A) = | sin(7r(7( m A )(t) — irj))\, where 7( m ^) is the steepest descent 
contour, see (|§U|) . For ii,D£lwe have 

1 



sin(u + = -yfe 2v + e~ 2v - 2 cos(2n) 



and therefore 



a v (t;m,X) = -\ 



^(B&Wjs-r,) + ^(BignCA)^-,) _ 2cog / 2yr 



z st (m, A) + — 



(132) 



(133) 



Let r/o > be as in ifgg]). Then z st (m, A)+sign(^4)?7 G R\Zfor all (m, A) G Zx A and all rj G]0,7/ ]. 
Since the function x i— > e x + e _x is strictly decreasing on ] — oo, 0] and strictly increasing on 
[0, oo] and takes the value 2 for x = we thus have 

(134) 



cL := inf |a„(t;m, A)| > 



for every fixed 77 g]0,t?o]. Moreover, letting p = V2r]o, there exists a a G [0, 1[ such that 
cos (27r [z s t(m, A) + i/\/2~]) < a for all t G [— p, p] and all (m, A) G W. (We use here that 
{ £ s t(m, A) (mod Z) | (m, A) G Z x A } is finite. If we only assume (|5%|) then put p = t]q.) Let 
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s = -sign(,4)^. Then a v (t;m,X) > \ y / e 27r ( s +'?) + e - 27r ( s+? ?) - 2. Letting 771 = ^4= < r? Q we 
then get ^(t; m, A) > ^Ve 7 "? 1 + e^ 7 ™ 71 - 2 for |i| > p and 77 G [0, 771]. We conclude that 

a v (t;m,X) > M := min j-^Vl - a, + — 2 J- > (135) 

for all i G E, 77 G [0, 771] and (to, A) G W. 

Proof of Lemma 15.41 Let (to, A) G Z x A be fixed in the following and let C s d = C s d(m, A), 
7 = 7(m,A); z st = 2st(^> A), and /(z) = f(z;m,X). Assume first that k > 0. Observe that 
sign(A)(Re2:z — z st ) > Jmzi is equivalent to sign(A)(Z — z st ) > 77, explaining the summation range 
in the sum of residues in (j95|) . We will first show that the integral J c f{z)dz is convergent for 
all sufficiently small positive 77. By (|77|). Q92|) and (|134|) we have 

|/(7(*))l < ^|e-^W 2 g( 7 (0)|exp(-r|^|t 2 ) 



for every <5 > and 77 G]0, 770]. Here 



|/( 7 (t))| < h e - wSz ^e-^ Zst5t e a °^ +m exp (-r\A\t 2 ) 
where the right-hand side is integrable. Thus J c f(z)dz is convergent and 



, so by (|%T)|) we get 



f(z)dz 



e -7rV2z st 8t root + e -aot\ gxp (- r \A\t 2 ) dt 
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7T 

r\A\ 



exp 



4rL4l 



+ exp 



4r\A\ 



(136) 



where a± = ir5^/2z s t ± ao- 

Next we estimate the contributions coming from integrals along curves connecting C s d by the 
real axes. Let R n = n + | for n G Z and let r n (t) = i? n + it, t G [a, 6], where a, 6 G R. Then 

rb 



f(z)dz 



< e 



-TT&Ri 



|g( r "( f )l e ->rSt 2 1 e rQ m ( T „ (t)) I dt 



a I sin fe (7r(7(t) - ir/))| 



a ao\t\ 



a |sin fc (7r(r n (t) - irj))\ 



^nSt 2 e 2rA(z Bt ~R)t^ t 



by (JHUJ). By (ITS!?]) we have | sin(7r(r n (t) - irf))\ > -^\A ~ cos^vri^) = 1 so 



J r n J a 



2rA(z Bt -R n )tfa 



In our case {a, b} = {0, sign(A)(i? n — z s t)}, where we assume that a < b. For c G R we have 

e ct e ir8t 2 2rA(z st -R„)t^j. 



D ir6t 2 e -sign(A){r\A\(R n -z s t)~sign(A)c}t e -sign(A)r\A\(R n -z st )t^ t 



We can choose aJV r £N such that 



sign(A) (r\A\{R n - z st ) - sign(^)c) t > 
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for all t £ [a, b] and all n G Z with \n\ > N c . Therefore 



f(z)dz 



< 26 e a °'' Rn 'e~ 7n5 ' R ™ / e _ [ r l A l si s n ( j4 )(- R «~ 2st )- 7r5 *]* c j^ 



for all n £ Z with \n\ > N = max{iV_ ao , N ao }. For |n| > N and 5 > with r|j4| > tt5 we get 
f(z)dz < 2b e aolRnl e- n5R * / e -H^INgn(^)(«™-%t)-t]t dt 

J a 

< 2b e aolRnl e- n5R *(b - a) = 2\R n - z st \b e a ° lRnl e^ SR " 

which converges to zero as |n| — > oo. Now, since f(z)dz is convergent for all 6 > and all 
Tj e]0, 770] , it follows by the residue theorem and the above that 



Res 



z=zi{vi) 



{/(*)} 



iez 

sign(yl)(i-z s t)>r; 



is convergent and (|95|) is satisfied for all r/ G]0,rjo] and all 5 G]0, r| -A|/7r]. We will actually see in 
what follows that this last sum is absolutely convergent. 

The case k < is handled as above but is easier since the sin-factor is included in the function 
q and rj is not present. Note also that in this case we do not need the assumption (j88[) . □ 

For the next proof and later we note the following elementary fact which is stated for the sake 
of easy reference. Let a > 0, 5 > and 66 C be constants and let j > 1. Then 



—Y P ~aS(z+b) 2 

dz) 



Pj(z + b,6)e 



-aS(z+b) 2 



(137) 



where Pj(y, S) is a polynomial in 5 and y. By induction we find that Pj(y, 5) = Ylk=o a k (^)(<^) fc 

j 

where a J k (5) = Ss=o^i( s )^ S ^ s a polynomial such that for every j > 1 either a 3 (5) = or else 
6^(0) =0 and m? k > 1. Of importance here is that all terms in a derivative of e - aS ( z + b ) 2 a re of 
the form Az k 5^ e~ aS ^ z+b ^ 2 , A £ C, k £ N, j > (i.e. there are no terms with j = 0). In what 
follows Po(y,5) = 1 by definition. 

Throughtout we will use the following elementary fact: If I is a nonnegative integer and P{z) is 
a polynomial of degree > 1 with complex coefficients with leading coefficient having positive real 
part, then YlT=i k l e~ p ^ is absolutely convergent and Ylk&i k l e~ p ^ is absolutely convergent if 
P is of even degree. 

Proof of Lemma 15.51 Let rjo be as in (|88|) and let rj G]0,r/o] and A £ A be arbitrary but 
fixed in the following. Write C s d(m), f(z; m) and z st (m) for C s d(m, A), f(z; m, A) and z s t(m, A) 
respectively, m G Z. By (J136|) we have 



C sd (m) 



f(z; m)dz 



exp 



Ar\A\ 



+ exp 



4r\A\ 



for all 5 > 0, where C and ao are positive constants independent of m, and a± = ir5\^2z st (m)±ao. 
We have 



- rf 4( m ) 



exp 



4r|A| 



e -7r<ta2 s 2 t (m) exp 



— — -j (ag ± 2v / 2vr5a z st (m)) j , 
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where d = 1 



By this and © 

we get 



E 



Csd (m) 



/(z; m)dz 



< C ' E ^ E eWl m le(^™exp ("J^) ' 

At=±l me w X 



where C , a, 6 and c are constants independent of m. If we choose 5 G]0, 2r|A|/7r[ we have d > 
and 



E 



C sd (m) 



/(z; m)dz 



< oo. 



Next let us consider the sum £2. Let w = z — I. Then f(z; m) = f3(l)4>(w; I, m), where (3(1) and 
4> are given by (|97|) . Since A and -B are assumed to be real we get 

|S 2 | < ^2 E \Res z= i V {^(w;l,m)}\ . 

Write </>(w;l,m) = . f, (w /' m) „ , where F(w;l,m) = 5 ( w+l ^q(w + /) e -(^ 2 +M m +£+40-) . 
For |w — iry| < 1 we have sinfc ^^_^ = Y^jL-k c j( w ~ ivY 1 where the cj's are independent of / 
and m. Moreover, F(w;l,m) = Y^ ( jLo a j{ w ~ i-v) 3 f° r ui £ C. Thus 

k-i 

Res w=iri {(p(w,l,m)} = ^QjC-i-j. 

j=o 

, and thus by Leibnitz' formula and ljlM7|) 



We have a,- = -4 



1 (P F(w;l,m) 



E 



k-^ ,^2 , &3 , fc 4 >0 

ki+k2+k 3 +k 4 =j 



W=IT] 



dw k2 



d k3 q(w + I) 



dw ka 



w=ir) 



W=lTj 



dw ki 



w=ir) 



k± ,fc2 ,&3 , /C4 >0 
fcl+fe2+fe3+fc4=i 

x ( 2mr [ m-\ 1 1 

2ir 7r 



k-2 



dw ks 



w=ir\ 



where P m (ir] + 1,5), m £ {0, 1,2,.. .}, is a polynomial in / for fixed r\ > and 6 > by (|137|) . 
and Mfc 4 (r/) is a constant independent of to and L We therefore get 



fc-i 

|E 2 | < ^2\c-i-j\ 

3=0 k 1 ,k2,k 3 ,k 4: >0 

k 1 +k2+k$+k i =j 



E 



\MuM\ 
kx\k 2 \k^.k A \ 



me 



g (fe3)( i7? + A e -*S(l 2 -v 2 ) ( 27T r(m+ — + -l 

\ \ 2ir ir 



E E m^+M)! 



2lT TV 7T 
&2 



8S 
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By (|EUJ) and (jHU we have \q^\ii] + l)\< b k3 e ak ^ v+m "\ and for / G Z fixed we have that 



. + A Z> iAi 

7T 7T ' 

is bounded from above by 



m+^-+^l> l 4^V ,"\A 

Z7T TV 7T ' ^n'\J 



2-Krm'r] 

-I 

m'> J — -r\ 



A 2 (r?)= max /(*) + / /(x)dx = — e~ fca + 2 , 
where /(x) = (27rrx) k ' 2 e~ 2nrr,x . But then 

3=0 fc 1 ,fc 2 ,fc3,fc4>0 

fcl + fc2+fc3+&4=j 

zez 

where the right-hand side is convergent. □ 



Proof of Lemma 15.61 Let A E A, I G Z, 77 g]0, 1[, and (5 > be fixed in the following and 
let F(y) = F(y; Z, A, <5, 77) and let C(p) = C(A, p) for all p G R. To show the first identity in 
Lemma l5.6| first note that 

/ F~(y)dy = -(/ F-(y)dy- f F~(y)dy] 
JC{n) 2 \Jc( v ) Jc(-rj) J 

= 7T7Res y= oF~ (y) = 7r7Res y= oF(y), (138) 

where we in the last equality use that F + (y) has zero residue in y = as an even function. The 
first equality simply follows by the fact that $c(-p) /( — 2/)^ = fc(p) fhD^y f° r all p > and 
every complex function such that J c ^ /(y)dy exists. By this we have 

-\ f F~(y)dy = -(/ F(-y)dy- / F(y)dy) 

= -\l F(y)dy- f F(-y)dy)=~/ F-(y)dy. 
4 ^c(f,) JC{rf) J 2 JC( V ) 

The second equality in 1)138(1 follows by the residue theorem and the following estimation (since 
y = is the only pole for F~(y) between the contours C(— 77) and C(?7) since 77 g]0, 1[): Let 
tr(£) = iR + t, t £ [a,b], R G R, where a = sign(^4)i? — 7? and 6 = sign(A)i? + 77 (so rn(t) is a 
contour parallel with the real axes and connecting C{—rj) and C(rjj). Since 



f F(-y)dy= / F(y)dy 



we only have to show that | J T F(y)dy| converges to zero as \R\ converges to infinity. By 1)1321) 
one finds | sin(7rr^(t))| > ^e 71 ^' for \R\ sufficiently large. By this and (|8UJ) we therefore get 

r6 



F(y)dy 



< 6n4 fc e _7rfc|jR| e ao(|jR|+Z+,7) / e ^(iR+t+l+iv) 2 e -2rA(R+ v )t dt 
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for \R\ sufficiently large. Now, for \R\ large, a and b have the same sign and 

SUp e - 2rA (R+V)t < e -2rA(R+ V )a + e -2rA{R+ V )b < 2( ,-2r\A\R 2 & 2r\A\ \R\ V ^Atf 
te[a,b] 

SO 



F(y)dy 



< 2& 4 fc e" 7rfc|iJ| e ao(|ii|+ ' + ' ?) e" 2r|A|i?: 
x exp(2r|A|| J R|r?) ex.p(2r\A\rj 2 



-TrS(iR+t+l+irj) 2 



dt. 



Here f b 

J a 



-n5(iR+t+l+iri) 2 



dt < e ^ R+ ^ 2 r e-* 5t2 dt = i e ^(«+^) 



F(y)dy 



< ce 



d\R\ -(2r\A\-ir6)R 2 



SO 



where c and d are constants independent of R, so the right-hand side converges to zero as \R\ 
converges to infinity if 5 E]0, 2r|^4| /vr[. 

The last claim about the absolute convergency is proved by the same technique as used in the 
proof of the absolute convergency of £2 i n Lemma 15.51 However, the proof is shorter here since 
we only have a single sum to consider. □ 



7.3. Appendix C. Proofs of Lemma 15.81 and Proposition 15.91 

Proof of Lemma 15.81 We will follow the same strategy as in the last part of the proof of 
Lemma 15.51 In particular we let Cj, j = —k, —k + 1, . . . be as in that proof. Let 

t(z) = cot(vrrz) K^z; u)e~ 2nirVz , 
uer(i) 

^ = E E Mz;v)e 2mrs ^ n{v){m - mz) ■ 

0<m<|V| 

By r is analytic in a neighborhood of z = 0, in fact on D(0, 1/r). For r] g]0, l/r[ we have 

00 

= ^2aj(l,rj)(z - irj) 3 , 



j=0 



e -^(z+l) 2 g(z) 



^2bj{l,ri)(z -irj) 3 

j=0 



for z in a neighborhood of irj. We thus have 



Res 



Z=IT] 



-7v8(z + l) 2 



r{z) 



sin (tt(z — irj)) 



N fe-1 

\ < ^2\ c -i-j\\ a j( l >v)\ 



< 



El c -wl^E(^l^(/ + ^r ? ,5)|e 



and 



j=0 



Res 



Z = IT] 



-ir5(z+l) 2 



6(z) 



3=0 
-n5(l 2 -ri 2 ) 

fe-1 



dz 



j-n 



TiZ 



Z=IT] 



sin (ir(z — irj)) 



n ft — 1 

\ < ^2\ c -i-j\\ b j( l iV)\ 
J 3=0 
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fc-1 



3=0 J ' n=0 V ' 



■7r5(« 2 -»? 2 ) 



Now let rj2 G]0, be fixed and observe that Aj = sup ;gZ7?g r 0i 



'/2j 



z=ir\ 



z=ir) 



and P 



su PieZ,r;e[0. 



v dz 



Z=IT) 



are both finite since both r and are periodic in / with a period 



of L by the assumptions on T(l) and K\. By the above we get 



fc-i 1 j 



n=0 



|^(^r?)| <7re 7r ^^|c_ 1 - j |^^(^)(A J - n + 2S J _ n )e-^ |P n (Z + ^,<5)| 



By using the explicit expression for the polynomials P n , see (|137[) . we can now appeal to Weier- 
strass' test for uniform convergence. Note finally that 



lim Res z= i„ < e" 
fc-l 



-tt5(z+1) 2 



sin (n(z — it])) 



fc-i 

^c_i_^lim o 3 (I,jj) 

j=0 



ft, — ± s 

y^c-i-jOj(Z,0) = Res z=0 < e" 
i=o ^ 



7rS(z+Z) 



2 TZ 



sin (7rz) 



since aj(l,rj) = [4-Y e 7tS ( z+1 ) 2 t(z) , and similarly with the other residue term in Z l (8,n). 

3' z z=0 

□ 



For the proof of Proposition 15 . 91 we need the following small lemma which we state for the sake 
of easy reference. 

Lemma 7.2. Let P{z) = Az 2 + Bz + C be a polynomial with complex coefficients such that 
Re(A) > 0. Then 



lim s/sy^\kS\ l e- 5P ^ =0 



for all I £ {1, 2, . . .} and 



lim VdY5e- 5p ^=0. 

k&Z 



The first statement follows by comparing the sums by integrals of the form J °° x l e Sa ( x+d ) 2 dx. 
The second statement is a simple corollary of the periodicity lemma, Lemma 17.11 



Proof of Proposition 15.91 Let us use the notation from the proof of Lemma 15.81 Thus we 

have Z po i ar (r) = r lim t j_ >0+ VS J2i&z zl ( S ) > where 



fe-i 



1 



3=0 J n=0 

For j G {0, 1, . . . , k — 1} and n G {0, 1, . . . , j} we let 

1 ft 



d 



j-n 



lei 



dz 



C(j, n, 5) = 7mc- X - S j } ( ' ) £ P„(J, 5)e"^ 2 ( ^ ( I T (*) + 



^t(z) + 6(z) 



z=0 



3-n 



dz 



z=0 
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Then 



\C(j,n,8)\<27r\c^ j \Y 1 ^ ^ 



A 3 +B-)Y,\Pn{l^)\e~^ 12 . 



j\\nj \2 

By Lemma 1731 and (|137j) we therefore get 

fc-l j fc-l 

^poiar(^) = r lim V5 y2 y2 C(j, n,5) =r lim VS V] C(j, 0, 5) 



j=Q n =0 



5— *0_, 



fc-l 



3 



~* + lei j=o 



j\ \dz J \2 



2=0 



2irir 



1=0 j=0 



jl \dz J \2 



2 = 



where the last identity follows by Lemma 17. II and the fact that r and 9 are periodic in / with a 
period of L. □ 



7.4. Appendix D. Proofs of Lemma 15. Ill Lemma 15.131 and Proposition 15. fH 
Proof of Lemma 15. Ill By following the first part of the proof of Lemma 15.41 leading to (|136j) 
and by the remarks before the proof of Lemma 15.41 we find that 



C ad (m,A) 



f(z;m,X)dz 



< 



_6o_ 

M k 



— e ~ nSz at ( m > A ) e a o\z s t (m,A) I 



r\A 



x exp 



a\{m, A) 
4r|y4| 



+ exp 



a 2 (m, A) 
4r\A\ 



for all rj G [0, rji] and all (m, A) G W. Here ao and &o are the constants from and a±(m, A) 
7r5\/22; s t(m, A) db ao- By following the first part of the proof of Lemma 15.51 we find that 



E 

{m,X)eW 



|g(A)| 



e - 7r < 5 ^t( m ' A ) e a o|2st(m,A)| 



exp 



a+(m, A) 
4rUI 



+ exp 



a 2 (m, A) 
4t*|A| 



is convergent for 5 g]0, 2rvlo/7r[, where Aq is given by (|94|) . 



□ 



Proof of Lemma 15.131 Keep N G Z>o fixed in the following. For A G A, let W\ = {m G 
Z | (m, A) G VF}. We write z s t for z st (m, A). Let us start by showing that Z- m ^x(N;$) and 
E 1 (A r ;<5) are absolutely convergent. By Cauchy's integral formula for the derivatives we have 



1 



aj {5) = -^\z st ;8) 



1 



J 



k(z; 5) 



2vri J lz _ Zstl=3p (z - z st y 



+i 



dz. 



Let L(p,8) = sup lz _ ZBtl=3p \n(z;5)\. Then 

\ aj (8)\<(3p)-fL(p,S). 

By (jnij) and flZD we get L(p,6) < C p sup N=3p e -™S(*+*.t) 2 s i n -fc( vr ( z + Zst )) 
get by (11371) that 

1 



(139) 

Since z st G R we 



sin(7r(z + z st ))\ 



e 27rim(2) + e -27rim(2) _ 2cos(27r(z st + Re(z))) 
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> -=y/l-COB{2TT(z at +BB(z))). 

By our choice of p we have that z s t(m, A) + Re(.z) ^ Z + [— p, p] for all (to, A) G W and all z G C 
with \z\ = 3p, so | sin(7r(z + z s t(m, A)))| > M p := ^yl^co^2^Tp) > for all (to, X) £ W and all 

z G C with |z| = 3p. Therefore L(p,S) < C p M~ k sup^| =3p 



-Tc5(z + Z st ) 2 



Now use that 



sup 

M=3p 



7 —ird(z+ZatY 



e nSz ^ sup 

\z\=3p 



-■n:6(z 2 +2z s tz) 



< sup e— 5Re ^ 2 ) 

\W=3P 



sup e 

J z l=3p 



-2nSz s t Re(^) 



Letting C' p = C p M- k e 9nSp2 and d = 6vrp we see that 

L(p,6) < Cy^e-^. 
By (UBS}! and (fTiUj) we therefore get 



E E 



mel^A 0<j<N 
jS2Z 



«#) ( ^ ) r 



2+1 



< ^ 0) S(A;5), 



E E 



meW-A 0<j<N 



» i+1 
rA/ I 2 



,4|A|p 2 r 



< C$V(\;8), 



where 



mti 



with z s t(w.) = z s t(m, A), and where 



4 0) = c; E Mor 2 ^ (3 P )-^r 



o<i<JV 



0<j<JV 
jS2Z 



J + l 



(140) 



(141) 



(142) 



are independent of A. Since z s t is a real affine expression in to for A G A fixed, the sum S(A; 5) 
is convergent for all (5 > 0. 

Next we show that E 2 (./V;£) are absolutely convergent. By (|122|) and Q123|) we have 

oo 

R N (z;5)= o,j(5)(z - z st ) j 

j=N+l 

for 2 G Z)(z s t,4p). By (|139|) we have for \z — z st \ < 2p that 



\R N (z;5)\ <3L(p,6) 



\ z — Zst | 

3p 



7V+1 



Therefore 



^(iV;<5)| < / 2P |i?iv(7((-l)^);5)|exp(-r|A|t 2 

JO 
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/•oo 

< 3L(p,5)(3p)- N - 1 / t N+1 exp (-r\A\t 2 ) dt 
Jo 

= §r (Z±?) (3py N ~\r\A\r^^L( P ,6). 



Note that this estimate is independent of v G {0, 1} and that the only quantity depending on to 
is L(p, 5). Therefore we have for v G {0, 1} that 

£ |^(iV;5)|<^r- (iV+2)/2 £ 
where = ^prq^ (3p)~ JV ~ 1 r (^)- By (fT^TTT) we therefore get 

£ \MN; 5)\ < 4 2) r-^ +2 )/ 2 S(A; 5) (143) 
m£W\ 

for G {0, 1}, where £(A; 5) is the convergent sum in (|141j) and 

c " " c ' c " " i#^ eMp,(3 " r " ,r (^) ' (144) 

Note that the right-hand side of (|143[) is independent of v and C'y is independent of A. 
Let us finally consider the sums E^. We begin by estimating the integrals 



V 

roo 



(•oo 

J u (8)= / ^((-l) u t;5)exp(-r\A\t 2 )dt. 

J2o 



lip 

By the remarks above the proof of Lemma 15.41 we have 



M k 



By our periodicity assumptions on q and z st we have 

g(z + z st (m + m q H, A); A) = <?(z + z st (m, A); A) 
for all (to, A) G Z x A and all zGC. Combining this with 1)80(1 we get 

|g(7((-l)"*))l <&oe aoi V°l*l 
for all (to, A) G Z x A and £ G R, where 

= max { |z st (TO, A)| | m = 0, 1, . . . , m g H — 1, AG A}. 
We therefore have the estimate 

POO 

\M5)\ < K ie -^ / e (ao-(-irv%rfe 8t )t e -r|A|t 2 dt) 

where K x = -^e a ° K . Here e -(-i)"-^w**tt = ^-^vS^y -1 ^^*"*. Choose r A G Z> 2 such 

that e aot < e^'^l* 2 for all t > 2p and all r > r A , and choose 5\ > such that '""TSa 5 * < 

e ir|A|< 2 for aU t >2p,r>r x and 5 G]0,<5 A ]. Then 

poo 

\M<S)\ < K ie -* Sz * / e^^e-^dt 

J2p 
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for r > r\ and 5 g]0,S\], where c$ = J^\a\ ^ an d a = \r\A\. Now use that e Cs ^ m ^ < ea* 2 if and 
only if 2cs\m\/a < t. If 2p > 2cs\m\/a we therefore get 

For 2/9 < 2c$\m\/a we have 

poo p2cg\m\/a roo 

/ e C5|m| 'e- at2 dt < / e c 5 |m[* e -^ 2 di + / e -f* 2 dt. 

J2p J2p J2c s \m\/a 



Here 



and 



f°° , r / 2 t/ - / 1 \a\p 2 

J2cx\m\la 72/3 




/•2cj|m|/a /-2c«|m|/a 
/ e c s \m\t e -at dt < g -4ap / e <*M*di 

J2p J2p 
< e -HA|p 2 f 2CSlmUa e c s \m\t dt < ^sH e ^ e -r\A\p\ 



We therefore get 

„2 



■r|yl|p 2 



for r > r A and 5 G]0, 5a]- Here 

a y^A 2 r 

Finally choose 5\ > so small that ^5 < J for all r G Z>2 and all <5 G]0, <5^]- Then 

2c<s|m 



£ 2 ^M e hW e -^l < K 2 l - Y, 5\m\e- 5p ^ x \ 



a r 



where K 2 = 4fJ> and P(m; A) = ^m 2 + (^) 2 Bm. We therefore get that EmeVK A l J ^( 5 )l ^ 
^ 3 (A;5) for i/ G {0,1}, r > r A and 5 G]0,<5 A ], where 

A 3 (A; 5) = Kl [JJ-Y (I, *fr) £ + ^e"^ 2 £ * H e-^) (145) 

\ V \ ' meZ meZ / 

is convergent. Finally put tq = max{ r\ | A G A } and 5q = min{ <5 A | A G A }. □ 



Proof of Proposition PTTH The idea of the proof is to use the periodicity lemma, Lemma l7.ll 
To this end we have to show that the summand in the infinite sum over m is periodic in m (for 
each fixed A G A). Keep A G A fixed. First note that 

P P 

irAz st (m) 2 = 7rir—m 2 + Bir—m + c, 
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where c is a constant independent of m. By (|89jl is follows that exp (—irAz s t(m) 2 ) is periodic 
in m, lets say with a period of N\. By (|122j) and Ijl37j) we get 



... 1 <S) 



z=z st 
ki 



J n=0 v 7 



where h(z) = h(z; A) = q(z; A)/ sin (7rz). Put 

Cj >n ,\(5) = E 9W exp (-irAz 2 t ) P n (z st , S)e 



d {j - n) h(z) 



mgZ 



By (|81|) h is periodic in 2 with a period of 2m 9 , so the derivatives of h in z st are periodic in m 
with a period of 2m q H. We conclude that the functions m i— > Gj(m, A), j G Z>o, in (|124j) are 
periodic with a period of 2m q HN\. Moreover, there exists for each A € A a constant K^{\) 
such that 

' dW/»(z;A) 



sup 



dz r 



z=2 s t(A,m) 

for all n = 0, 1, . . . , N. But then lim^_ > o + VS\Cj,n,\(^)\ = since 

lim V6 J2\P n ( ZBt ,8)\e-" Sz « =0 



mez 



for all j and n with 1 < n < j < iV by Lemma 17.21 Note here that 



n / \ s 

E i^ st ^)ie-^ < e (m) E 



m + 



5 



2tt 



-5P(m) 



K(6)\6 S 

where the a™(5) are described below ()137j) and P(m) = irz st (m) 2 = ir (^m + j^) 2 - Thus 

3+1 



lim vfe^iV^) 



5^0 



0<j<N 



.7' 



i + i 



r . 



E^~^(A) 



Hrri V6 E e _7rfo ^Gj(m, A) 



Z s t£ 



by Lemma 15.131 The identity (|125|) now follows by the periodicity lemma and the fact that 
r(m + l/2)/(2m)! = ,fir/(& m m\). 

Let us next show the result about the remainder term Ri(N;5). We stress again that we 
do not show that lim^o + VSR\{N;5) exists, see the discussion below p()5|) . By the proof of 
Lemma 15.131 we can let 

£l (N, A; 5) = (C$ + 2CPr-^) S(A; 5) + 2A 3 (A; 5), 



where E(A;<5) is given by (|141|) . ^(A;^) is given by dUSJl and C$ and are given by 
respectively (ITl2l and (tTHl) . We note that C$ and Cj^ are continuous in 5 on [0, <5o]- Moreover, 
since the polynomial z st (m) in m has (7T/M.) 2 as leading coefficient, we get immediately from 
Lemma 17.11 that 

lim v^E(A;<5) = -. 
6-*0 + it 
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By Q145|) . Lemma 17. II and Lemma 17.21 we get 

(2) 

We note that C N is independent of r. For a and uq positive we have the following estimate 

pec pec 

T(a,u ) = ^"VMu < e~iM u^e'^du = 2 a T(a) e -^ 
J uq Jo 

finalizing the proof. □ 
7.5. Appendix E. Proofs of Lemma 15.161 and Proposition 15. J71 

Proof of Lemma 15.161 For the following proof, recall that (3{l) = has norm 1 for all 

(I, A) G Z x A, see fH|). We parametrize C v by C v (t) = ef s ^( A )t -i v ,t£ R. Let 

<7„(t) = e-W^i) = i - -^sign^ - 

and get 

AT 



k=0 

v— fee: 



For seC and zeCwe let z s = exp(s log(z)), where log(re ie ) = log(r) + id, r > 0, 9 G [0, 27r[, 
with log(r) G M being the usual (principal) logarithm of a positive real number. In particular, 
r s > for r G]0,oo[ and s G Z. Let us also in the following text reserve the symbol y 7 " for 
the continuous square root on C\] — oo,0], being positive on the positive real axes. Using these 
conventions we have 

where = r l j 4|C'r)(i) 2 is shown on Figure ^ 

We have the following integral representation for the gamma function due to Hankel valid for 
all s G C \ Z: 

-ins r(0+) 

r(s + l)= . / *-e-M*. 
2zsm(vrs) 

Here the symbol means that we integrate along a contour which originates at +oo, runs 

in toward the origin just above the real axis, circles the origin once counterclockwise, and then 
returns to +oo just below the real axes, see the contour T on Figure [2j 
We have 

r(a + 1) = 6 r [ z s e- z dz 
2ism(irs) J Xv 

for all s G K \ Z and all fixed 77 > 0. To see this, note that the integrand is holomorphic on 
C \ [0, 00 [. By Cauchy's theorem we therefore only have to show that f f ± z s e~ z dz converges to 

zero as R converges to infinite, where S R (t) = R + it, t G [0, t^(R)], R > 0, and 



t±(R) = ±Lsign(A)±Jr ] z + ^- ] 



97 



A 





Figure 2. Contour of integration for representation of the gamma function. 



are the two i-values for which the line R + it intersects the contour x-q- But this follows by the 
estmate 



z s e z dz 



>4 



< e 



-R 



L 



\R + it\ s dt 



<\t±(R)\(R s + (R+\t±(R)\y)e- 1! 
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Therefore 



I(N;l,5,r}) 



fsign(A) N 



'r\A\ 



i/=0 
u~ke2Z 



E w^Oa) ' r 



v - k + 1 



(146) 



To show that Z int)2 (iV; 5, ry) is absolutely convergent it is enough to show that X)zez \di/(l,8,r])\ 
is convergent for all v £ Z>o and all A £ A (where A is suppressed from the notation). By (|12(ij) 
and ljlH7JI we have 

d„(l,M) = ^ E jMy 1 - j)\ P ^ + Z ' ^^^^"^^(y)^, (147) 



where /^(y) = g(y + irj + /)e 2rj4 w ^_jJI|_J . L e ^ ^ 3 > q gy ^ e periodicity assumption on q 
(and continuity) we have that 

M„(»fe) := max { 1 ^ (y) | y=0 1 : j £ {0, 1, . . . , u}, A £ A, I £ Z, 77 £ [0, r? 3 ] } 

is finite for f £ Z>o- Using notation from ()137|) we therefore get 

\miav)\ < ^^^ vl t,-u^i:\<ms(m + \im 



tSI 2 



j=0 J V n =0 



(148) 



where the On(5)'s are polynomials in <5 independent of L It follows that X)zez ^ * s 
convergent. In fact, we see that this series is uniformly convergent w.r.t. r] on [0,773]. 

Let us next show that E 5 (iV; S, rj) is absolutely convergent. To this end we consider the series 
Szez l^2(A r ; 1, 5, rj)\ for A £ A arbitrary but fixed. Here 



j,rAC n (tf 



dt. 



We have 



J 2 (N;l,6,rj)\ < V \d u (l,5, V )\ [ \C v {t)\ v ~ 

u-ke2Z 

■- e -r\A\t 2 e V2r\A\ v t_ Moreover, \C v {t)\ < \t\ + rj and \C v (t)\ > \t\/y/2, so 

N r 

J 2 (N;l,8,ri)\ <{2V2) k V 2^ \d v (l,5,rj)\ \t\ v e^ A ^ e - r \ A ^dt 

, J\t\>i 



JrAC v (t) 



v=0 
v-k&L 



for 77 < 1/2. For t > 2y/2r] we have exp (y/2r\A\rjt) < exp (±r\A\t 2 ), so 

\MN;l,6,r])\ <(2V2) k V 2 V \d u (l,8,rj)\ \t\ v er^M* & 



i/=0 



for 7? £]0, rf], where rj' = -^m- Therefore 

1 N 

\J2(N;l,5, V )\<-(2V2) k 



v=0 



r\A\ 



-+l 



\d v (i,s, v )\r 



— 8 |A|r 
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This implies that Yliez 1^2 (-^5 U <^> v)\ — ^5(Af, A; 5, 7?), where 

TV — -f-l 

A 5 (iV,A; ( 5,r ? ) = i(2y2) fe £ (-M 2 r (^"1 , -W) £ |d„(I; 5, t?)| . (149) 

x=o VII/ V / ZgZ 

t/-fee2Z 

Thus S 5 (iV; 5,77) is absolutely convergent. 



Next we show that £ (N;6,rj) is absolutely convergent. It is enough to prove that the series 

l&L I 



X^zez I Ji(N; 1, 8, r])\ is convergent. Thus we have to estimate Rpf(y;l,8,rj) = Y1°^=n+i d u (l,5,rj) 



u-k£2Z 

for y = Cf,(t), \t\ < 1/2. By H126|) and Cauchy's formula we have 

1 1 f #(z;Z,<5,7?) 



d v (l,6,rj) = — — / — dz 

for v G Z>o and p G]0, 1[. Therefore \d v (l,5,rj)\ < ir~ k p~ u L(p,l,5,i]), where L{p,l,5,rj) = 
max| z | =p \^f(z; I, S,rj)\. Let v\ G {A?" + 1, iV + 2} such that v\ — k G 2Z. Assume first that v\ > k. 
Then 

1^(2/^,5,77)1 < i^Z,^^) J] _|y|"-*<_L(p,Z,J l7/ )_ \ V r~ k Y^ - 

v=v x r r i/= q \ f / 

for p g]0, 1[ and |y| < p. Now let p = 3/4 and let L(l,5,rj) = L(3/A,l,S,rj). Then 
for \y\ < 2/3. For 77 < 1/6 we have |C^(t)| < 2/3 for all t G [-1/2, 1/2] so 
By (|127j) and the assumptions on q, see (|5U)) and (|81|). we have 



|^(y;/,J,r/)|< — (-) L(Z, 5, t?)^^ 



iJiCiV;!^^)! < , l , 
7r K V 3 



L(p,l,6,r)) < M 1 (p) fe 6 e O0(/ ' +r?+m9) e 2r l A l w max 



e -7T<5(2 + i?7+0 2 



where Mi(p) = max| 2 | =p |(7rz)/sin(7rz)|. Here max| 2 | =p 



-7r<5(z+i?7+;) 2 



< e -7r<5« 2 +27r5p|«| e 7r5(r,+p) 2 



L(l, 6, r?) = L(3/4, 1, 5, 77) = C{8, 7/)el |A|r?? (e"f + et^) e"^ 2 , 

where (7(5,7?) = Mi(3/4) fc 6 e a ° {3/4+,?+m9) e 7r<5 ( , ? +3 / 4 ) 2 . Therefore £ ieZ I M N '> h ^ is bounded 
from above by 

f OO 

Al(N,\;5,rj) := d(\; 5, V ) / (i + T?)" 1 " V^^dt ^ (e~^ si + e^) e"" 5 ' 2 , (150) 
where 

18(7(5,7?) /4V 1 //3 1 



We note that A§(iV, A; 5, 7?) is convergent, hence £4^; 5, ??) is absolutely convergent. 
Assume next that v\ < k and write 

fc-2 

R N (y;l,5,ri)= d u (l,5,r])y u - k + R(y;l,5, V ). 
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Then Ji(iV;/,J,7?) = I 3 (N;l, 5,rj) + J 3 (l,5,rj), where 

fc-2 

h(N;l,5, V ) = 



MhS, r?) 



E 4(1,4,) / 

-_2"l 

R(y;l,5, V )e irA y 2 dy. 



Let 



S 7 (5 1?? ) = ^ 5 (A)e- irA " ^2/3(l)J 3 (l,S, V ). 
AeA «e/ A 

According to the above we have that Yliez I^G)^^)! * s bounded from above by an expression 
equal to the right-hand side of (|150|) with v\ replaced by k, i.e. by 

Al(X;5, V ) ^CxiXi^r,)) r e - r \ A \ t2 dtJ2(e-^ Sl + el* sl )e-" 5l \ (151) 

•'° zez 

where Ci(A,<5, 77) is as in (|15U|) with i/i replaced by fe. The series A\(5,rj) is convergent, hence 
£ 7 (<5, 77) is absolutely convergent. We further partition Is(N) I, 5, rj) = I±{N\ I, 5, 77) + Ji(N; 1, 5, 77) 
with 

fc-2 



h(N;l,S, V ) 
MN;l,S, V ) 



fc-2 „ 

E d u (l,5,r]) / 



1^ — 

i/-fcG2 



v-kez 



Put 



£ 8 (iV; ,5,77) 5(A)e—^ 2 £ 0(0^ ! 

AeA ze/ A 

E 9 (iV;^77) = J] 5 (A)e^ ^/3(l)J 4 (N;l,5, V ). 
AeA ze/ A 

As in the case ^i n t,2(A?"; 5, 77) we get that X^zez 1-^4 C^l ^> ^ r ?)l ^ s bounded from above by 

fc-2 



At(N,X;S,r,):= £ (^j) 



i/-fc+l 



v-fce2Z 



z/ - fc + 1 



\ J2\MhS,v)\, (152) 



thus S 8 (A^;<5, 77) is absolutely convergent. Moreover, similar to the case T, 5 (N;5, rj) we get that 
Szez 1^4 (-^j ^> ^> v)\ is bounded from above by 



fc-2 



^(Ar,A;5,77):=i(2x/2) fc £ 



v-fce2Z 



§+1 



f+1 1, 



2 ' 8' 



A|r)El^;«5^)l ( 153 ) 



showing that X 9 (iV; <5, 77) is absolutely convergent. 
Finally let us consider £ 6 (<5, 77). By (|132|) we have 



sin 



(irC v (t))\ > ^\/e 2 ^W +e- 2v vM -2, 
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where v v (t) = ir (-^sign(A)t - r/). Let m < ^ and let M 2 = ' mi r,e\o,m}M>i l sin (^^W)! > °- 



Then 



2V2 



V£[0,w],\t\>i 



U M 2^J\t\>\ 

for 77 g]0, 772] and 5 > 0, where 

/(*; Z, 5, 77) = (|G(C„(t); Z, <5, r/)| + |G(-C„(t); Z, 5, r/)| 



>AC,,(i) 2 



where G{y;l,5,r]) = e~^ y+i ^ 2 q{y + ir? + l)e~ 2rArK . By (jHOJ), (JHTJ and the fact that \C v {t)\ < 
\t\ + 77 we get 

|? (±C„(t) + «77 + Z)| < 6 e ao(2r ' +m « +l * l) . 



Moreover, le-^^AWl < e V^r\A\vt and 



3 irAC,(t) 2 



so we have 



f(t; I, 5, Tj) < boe ao(2v+m q ) e a \t\ e 2V2r\A\ V \t\ e -r\A\t^ £ 

Me{±i} 



-7r5(^(t)+i?7+0 i 



Here 



-^(-C„W+«,+0 2 = ff ( t .^ e 47r5r, 2 e -2V2^ S ign(A)t &nd l-^W+^+J) 2 = ^./^ where 
5 (/j;Z) = e -^l 2 e -V2^8lt go 

/(*; i, 5, rj) < C 2 (6, rj^si^^smt^m^rlAMt] exp (- r \ A \t 2 ) , 

where C 2 (<5,»7) = fcoe^^+^e 47 ^ 2 and D{5,rf) = a + 2^27^77. Choose for each A G A a 
r x G Z> 2 so 



< exp ( -r\A\t 



D (D(5,ri)+2V2r\A\ v )t 



for all t > 1/2, 5, 77 G [0, 1/2] and r > r>. For (5 G [0, 1/2], 77 G [0,772], and r > we then get 



e V2ir6\l\t e D(8, v )t e 2V2r\A\ v t e -r\A\t 2 dt < 



e V2wS\l\t e -ir\A\t 2 dt 



We therefore have 



M 2 , 6 z 



for 5 G [0, 1/2], 77 G [0,772] and r > r A . For t > we have that e^ 7 ^ 1 ' 1 * < e3 |A| ' 2 if and only if 
t > c5\l\, where c = Ay/2ir/(r\A\). If c<J|Z| < 2 we therefore get 



e V27r5|Z|t e -ir|,4|t 2 dt < 



For i < c<5| Z I we have 



ir\A\t* dt 



r\A\ 
16 



u2 1 e u du 



1 ;rf4,ir|^|). 



V^pT V2'16 



gV^ltg-fr-IAIi 2 ^ 



c<5 1 Z I _ poo 

< / e v^|* e -^|t 2 dt + / e -|^|t 2 dt 



Here /~ , e -Wd* < Jf e~^dt = -^T (I ^r|A|) and 



r|A| 



c5|/| 



.v^^KI* -|r|A|* 2 



c<S|Z| 



.^l'l*dt < e-^c5\l\e^ 5c5212 . 
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By putting everything together we get that X)zez l-^x>(^ <5> ??)| is bounded from above by 

M| ^ \^/AA\ V2'16 7 r|A| ^ 

, r; e]0, 772] and r G Z> r 
Eiez l J oo(^^f?)| < ^6 (A; (5,77), where 

* r 

\APJ V2 



for 5 G]0, 1/2], 77 G]0,77 2 ] and r G Z> rA . By choosing <5 G]0, 1/2] so small that < i we get 



A 6 (X;5, V )=C 3 (5,r ] )(^=T n ' 



, hA\r) £ e^ 2 + C 4 (r) £ 5|Z| e - W a ) (154) 
1 ' zez zez / 



for all rj G [0,772], 5 G]0, 5q] and r G Z> rv Here (73(5,77) = 26*2(5, 77) /M2 is independent of 7* and 
C*4(r) = ^p L e _ Te' j4 ' r . Finally put ro = max^ gJ \{ r A}- The claims about uniform convergence 
immediately follows from the above. □ 



Proof of Proposition 15.171 By the remarks following Lemma 15.161 we have 

1 e f sign(A) 

^int,2(iV; S) = — V g(A) (£> iV, A; 5) + £(iV, A; 5)) , 



where 



D(N,X;S) = J>(Z,A) J } e- 5l2 d^h(y)\ y=0 , 

!/-fcS2Z 

r. ,,-n \ / \ / 



v 

X 



where h(y; Z) = ho(y) = q(y + I) ^ 1 • By Lemma 17.21 together with the remarks about the 
polynomials Pj(l,8) in connection to (|137|) we have 

lim y/5E(N, A; 5) = 0. 

<5^0+ 

By (|81|) the derivatives of y 1— > Zi(y; Z) in y = are periodic in I with a period of m q . Moreover, 
the function (5(1, A) is periodic in Z for each fixed A with a period equal to the least common 
multiplum of 2, P(\) and 6(A), where P(\) and 6(A) are as in Proposition 15.171 Finally we 
observe that if Z G I\ then Z + P(A)Z C 7 A . Thus (TT2%]) follows by Lemma ITU 

Next let us estimate the remainder term R2(N;5). By the proof of Lemma 15.161 and the 
remarks after that lemma we have 

e(N, A; 5) < A 4 (N, A; 5) + A 5 (N, A; 5) + A 6 (A; 5), 

where A U (N, A; 5) = lim 7? _»o + A V (N, A; S, rj) = A U (N, A; 5, 0) for 1/ = 4, 5, and ^(A; <5) is equal to 
lim r; _ > o + ^6(A; 5, 77) = Aq(X;S, 0), where ^(iV, A; 5, 77) and ^(A;^, 77) are given by respectively 
(H1I?1) and (HSU), and where A 4 (iV, A; 5, 77) = A^(iV, A; 5, 77) in case v\ > k and 

A 4 (iV, A; 5, 77) = AJ(A; 6, 77) + A|(iV, A; 6, 77) + ^(iV, A; 5, 77) (155) 
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m case V\ < k, where A° 4 (N,X;8,rj), A\(X;8,r]), Al(N,X;8,rj) and Al(N;X;8,rj) are given by 
respectively (|T5U1) . (tT5Tl) . (TT521 and (THt^ . Recall here that z/ x G {TV + l,iV + 2} such that 
vx - k e 2Z. 

As in the calculation of Zint^fV; JV) above we get 



A 5 (N,X;8) <A 5 (N,X;8) :-- 



1 / 2^2 



7T 



(D(N,X;8)+E(N,X;8)), 



with 



»«w= E (^^'X^.i^OE^Ie'^oi 

y-fc£2Z 



y=0 



and with lim,5_+o + V$E(N, A; 5) = 0. We let 



A 5 {r;N,X) = r lim V5A 5 (N,X;S) = - 
8^0+ 4 



2V2 



TT 



lim V6D(N,X;5) 

8^0+ 



N 



v=0 



where c v 



4m„i/! 



Next we get 



2V2 



EST 1 ^fc(y;OI«=o 



are independent of r. 



A 6 (r;X) :=r lim v^A; J) = C./^r f ~ -L^r") 



where C = 6*3(0, 0) is independent of r. 

Let us finally consider A^N, A; 8). We first consider the case z^i > k. In this case A±(N, A; 8) 
is equal to ^(JV, A; 8, rj) in (|150j) with r] = 0. We have 



A°(r;N,A) := r lim VSM(N, A; 5) = CV 



2 



where C = id(A;0,0)r 1^1 is independent of r. (Actually Ci(A;0,0) is inde- 

pendent of A.) 

Next assume that v± < k. Here A^(N, A; 8) is given by the right-hand side of (|155|) with 77 = 0. 
Recall here that A\(X; 8, rj) is simply equal to A®(N, A; 8, if) with v\ replaced by k, hence 

A\(r;X) := r lim VSAl(X;S,0) = C^fF, 

where C is a constant independent of r. 

The analysis of A\{N, A; 8, 0) and A\(N, A; 5, 0) are similar to the analysis of ^(iV, A; 8), the 
main point being to analyse the series X)zez \dv(h 8, 0)|. Thus we find that A\{N, X;8, 0) is 
bounded from above by an expression A|(iV, A; 8) for which A 4 (r; N, A) := r hm ( 5_ > o+ ^4i(A^, A; 5) 
exists and is equal to 

fc-2 

Al(r;iV,A)= £ c„7 



,r 2 
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where 



v - k + 1 



m„ — 1 



v-k+l 



1=0 



are independent of r. Finally we find that A^(N, A; 5, 0) is bounded from above by an expression 
A\{N, A; 5) for which A\{r; N, A) := r lim^ 0+ v51im 7? _ i .o+ ^L 4 0^> ^) exists and is equal to 

Al(r;iV,A)= £ cv,r"5r ^r) , 



where 



1 / 2y/2 



4m q \ ir 



pi) EK } %;0i 



y=0 



«=0 



are independent of r. Thus we can put 

e 2 (N, A; 5) = A 4 (N, A; 5) + A 5 (N, A; 5) + A 6 (X; 5), 

where i 4 (iV,A;<5) = A%(N,\;8,0) if v± > k and i 4 (JV,A;<5) = Al(X;5,0) + If(iV, A; <5) + 
A| (iV, A; 5) if z/i < A;. By the above we have 

r lim Vde 2 (N,X;5) = A 4 (r; N, X) + A 5 (r; N, X) + A 6 (r; X), 
5— >0+ 

where A 4 (r;iV,A) = A°(r;iV,A) for v x > k and ^ 4 (r;iV,A) = Aj(r; A) + ^(r; iV, A) +A|(r; iV, A) 
for ^1 < k. By the remarks about the incomplete gamma function at the very end of the proof 
of Proposition 15. 141 we see that this limit is O I r 2 ) . L 



7.6. Appendix F. Proof of Lemma 16.11 

Proof of Lemma 16.11 Let (to, A) £ Z x A be arbitrary and put v = v(m, A). Then 



f{z- m, X)dz == e ^P 2 e -^\u\p I e -K6t 2 e -2nS ls i g n(u) P t + isign(v)p)e 



2nirut 



sin (ir(t + isign(^)p — irj)) 



-dt. 



But then 



/(25 m, X)dz 



'-00 |sin(7r(t + isign(^)p — ^))| 



dt. 



Here 



sin 



(vr(t + isign(^)p - irj))\ = e 2a + e~ 2a - 2cos(2vrt) < -\/e 2a + e~ 2a - 2, 



where a = 7r(sign(i/)p — 77). For 77 G]0, 770] we have |a| > 7r(/3 — 770) > 0. If we put c p 

^J e 2-K( P - no ) + e -27r(p-r; ) _ 2 we ge t 

, , , . / 9 \ fe 

f(z;m,X)dz 



< b' e a 'o {m 'i +p) 



e n5p* e -2nr\v\p I" e -*&# fa 



Therefore 



E 



/(z;m, X)dz 



V5 \c P J 



(156) 



^(m,A)| 
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which is convergent since v(m, A) is an affine function of to, showing that t (5, rj) is absolutely 
convergent. 

For the sum Z^ olar (5, rj) we note that 



Res 



z=l+in ) 6 



(-l) kl e 2wirul Res 



sin (ir(z — irj)) 



z=irj 



-tt5(z+1)' 



qi(z + l)e 



1-nirvz 



sin (tt(z — irj)) 



We have to show that 



S(A) := E E 

Z£Z m£Z:sign(^(m,A))=l 



Res 2= 



-tt8(z+1)' 



qi(z + l)e 



1-Kirvz 



sin (ir(z — irj)) 



is convergent for each A G A. But this follows exactly as in the 2nd part of the proof of 
Lemma 15.51 In fact we get by using notation from that proof that 



fc-l 



S ( A )-EE E i c -i-iiKi 

j=0 l& meZ:u(m,X))>0 



where 



1 dV'^+^VO + l)e 2mruz 



dzi 



z=ir\ 



/ci+/C2+&3=.7 



fc ,^, fc fa + <5)e-^^ +; ) 2 (27rir^) fc2 e 27r ^^+^f 3) fa + 0- 



We therefore get 



Kl < 



V , ,/„ , | P kl (i V + l,S)\ e^ 2 e~^ 2 (2irrv) k2 e~ 2 ^b', e<s ^ +m '^ 



fcl+fc2+fc3=i 



showing the convergence of S(A). 



□ 
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